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Abstract 
The objective of this work is to achieve process intensification by seeking optimal 
equipment design with CFD investigations. In this work, two projects on chemical equipment 
design have been discussed. 
The first project is on design and optimization of fractal distributor in a novel ion-
exchanger. Flow distributors are adopted extensively by chemical industry to distribute an 
incoming process stream uniformly to the downstream equipment. Currently, the performance of 
chemical equipment installed with conventional distributor is severely undermined due to poor 
flow distribution. For conventional distributors such as spray nozzle distributors, their design 
concept is based on maintaining very high pressure drop across the whole device with very little 
opening areas through orifices. Fractal distributors can achieve high outlet densities with low 
pressure drop due to their inherent self-similarity feature. To investigate the performance of fractal 
distributor, a novel ion-exchanger equipped with fractal distributor was proposed and 
manufactured. With comparison against conventional distributor, fractal distributor is proven to 
be able to offer much better flow distribution inside ion-exchanger by both CFD and experimental 
investigations. To seek optimal performance, the design space of fractal distributor has been 
explored with CFD studies. The influence of key design parameters such as channel aspect ratio 
was investigated and fractal distributor with “deep and narrow” channels were found to achieve 
superior performance. While conducting large scale design explorations, automation tools were 
developed to handle massive number of study cases.  
The second project focuses on design explorations of a novel oil-water separator. The flow 
pattern was investigated first with single phase studies. An improved design was proposed with 
draft tube diameter ratio of 0.6 and a larger twisting angle of impeller. The new impeller design 
vi 
 
was shown to have better separation efficiency from experiments. Later, the design has been 
studied with multiphase simulation with population balance model. With the challenge of lacking 
available kernels in low Reynolds number flow, a new coalesce kernel was proposed. The model 
offers as a comprehensive tool to understand flow pattern and phase separation process inside the 
device.
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Chapter 1. Introduction 
1.1. Introduction to process intensification 
Since its emergence in 1970s, process intensification, as one promising innovation paths 
in chemical process industry, has been attracting extensive research interests from both academic 
and industrial sectors[2-4]. Process intensification consists of the development of novel chemical 
equipment and techniques that can lead drastic improvement in chemical processes by reduction 
of equipment size, energy consumption or water production. Such characteristics are highly 
desired as they make the chemical industry more sustainable and environment-friendly[5].  
1.2. Scope and organization of dissertation  
In this work, our aim to demonstrated the capacity of CFD modeling in enabling process 
intensification of chemical industry. 
 The first project is on design and optimization of fractal distributor in a novel ion-
exchanger. In the second chapter, the background on fractal concept and the advantages of fractal 
distributor over conventional distributor was discussed. 
Chapter 3 introduced the design of a novel plate and frame ion-exchanger with fractal 
distributor. With experimental and CFD investigations, the hydrodynamic performance of fractal 
distributor has been studied and compared with conventional distributor. In the fourth and fifth 
chapter, we focused on the design exploration and optimization of fractal distributor. The influence 
of key design parameters and the cause for preferential flow have been discussed. An automation 
tool has also been developed in managing large scale parametric study. In the sixth chapter, an 
adsorption model was developed to capture the adsorption kinetics. 
In chapter seven, CFD investigations on a novel oil-water separator have been discussed. 
By design exploration, an improved design has been proposed. Several numerical models such as 
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Immerse boundary method and modified coalesce kernel have been developed and successful 
implemented.  
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Chapter 2. Background Introduction of Fractal Distributor 
2.1. What is fractal? 
"Fractal Geometry plays two roles. It is the geometry of deterministic chaos and it can also 
describe the geometry of mountains, clouds and galaxies." - Benoit Mandelbrot 
The term “fractal” was invented by Benoit Mandelbrot in 1975.It is from Latin fractus, 
which means a rough rock surface. Fractals are self-similar patterns with never-ending complex 
details. The patterns of fractal keep repeating at different scales. From mathematical perspective, 
fractals are usually nowhere differentiable. The dimension of fractal is not necessarily an integer 
and it usually exceeds its topological dimension.  
Fractal self-similarity patterns have been found in nature[6, 7], science[8], art and law. Two 
examples have been shown in Figure 2.1. The pattern of romanesco broccoli and river keeps 
repeating when zoomed in. 
 
Figure 2.1: A photo of romanesco broccoli with an estimate fractal dimension of 2.7. 
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The history of fractals began from the 17th century when Gottfried Leibniz, who was a 
mathematician and philosopher, meditated recursive self-similarity. Though Leibniz faultily 
thought that only the straight line could be self-similar, he raised the term of “fractional exponents”. 
However, due to the unfamiliar concepts for different mathematicians, it was not until the 18th 
century that researchers came up with the function of fractal and published examples of subsets 
called “Cantor Sets” as fractals, and introduced a classification of “self-inverse” fractals. 
Compared with early researchers who were restricted to manual drawings, researchers in 
the late 19th century started to visualize the beauty of fractals because of the development of 
computer-based techniques. One of milestones came from the mathematician Benoît Mandelbrot. 
In Mandelbrot’s papers, he solidified previous researchers’ thought and began writing about self-
similarity. Mandelbrot made mathematical development in minting the concept of “fractal” since 
he constructed prominent visualizations using computer. His achievement laid a solid foundation 
for subsequent research that was exclusively computer-based study on the imagination of “fractal”.  
There are no strict definitions for the concept of fractal amongst authorities. Mandelbrot 
himself refer it as “beautiful, damn hard, and increasingly useful. That’s fractal.” Nowadays, the 
general agreement is that theoretical fractals are infinitely self-similar mathematical 
representations with fractal dimensions. 
Symmetry in our daily language refers to a sense of balance such as reflection, rotation or 
translation; while in mathematics, “symmetry” is defined as an object that is invariant to a 
transformation. Besides the above three types of transformation, fractal composes of a fourth 
symmetry, which is the “scaling symmetry”; it is explained by Mandelbrot “fractals are 
characterized by so-called “symmetries” which are invariances under dilations and/or 
contractions”. It means the roughness and fragmentation of mathematical or natural fractal shapes 
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will always keep constant as fractal shapes is zoomed in. This characteristic is often referred to as 
“self-similarity” or “scale invariance”. 
There are plenty of fractal shapes in nature, such as tree branches, vein on a leaf, our lung 
capillary structure. They exhibits “roughly” or statistical self-similarity in different scales, and the 
scaling is limited in certain range. More structured fractal patterns are available by recurrence 
relations and mathematical functions. A good example of fractal geometry is Sierpinski gasket. 
The four diagrams shows the process of creating fractal pattern. The basic step is to divide a black 
triangle into four sub triangles and left the middle small triangle out. With infinite division, 
Sierpinski gasket can be obtained. The edge of each small triangle is half of the one from ancestor 
triangle and self-similarity in preserved by this simple rule of division. The structure remain 
unchanged no matter how it is zoomed in or out.  
A fractal dimension is an indicator for measuring fractal complexity as a ratio of the change 
in fractal detail to the change in scale. It can be non-integer values that may be different from 
topological dimensions. With infinite scaling, the geometry of fractal may represent properties 
from both integer topological dimensions. For example, a curve with fractal dimension of 1.1 
behaves mostly like a one-dimensional line while one with fractal dimension of 1.9 will be more 
likely to behave close to a 2D plane. The calculation of fractal dimension is shown in Equation 
1.1. 
𝐷 =
log(𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑠𝑒𝑙𝑓−𝑠𝑖𝑚𝑖𝑙𝑎𝑟 𝑝𝑖𝑐𝑒𝑐𝑒𝑠)
log(𝑚𝑎𝑔𝑛𝑖𝑓𝑖𝑐𝑎𝑡𝑖𝑜𝑛 𝑓𝑎𝑐𝑡𝑜𝑟)
                                                     (1.1) 
Sierpinski gasket is a good example for explanation. From first object to second object in 
the Figure 2.2, magnification factor should be two and three self-similar pieces are generated. Take 
log 3 and log 2 but into Equation 1, the fractal dimension of Sierpinski gasket is 1.58.   
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Figure 2.2: Illustration of Sierpinski gasket. 
During eighteenth and early nineteenth centuries, there was a general census that every 
continuous function is with a well-defined tangent at any point or almost all points. Weierstrass 
function was the first function that shows it is not the case. Fractal is one of the functions that 
nowhere differentiable. Due to infinite scale nature of fractal, fractal is not differentiable at any 
point in the domain. With self-similarity, fractal dimension also stays constant under dilution or 
contraction.  
2.2. Advantages of fractal distributor over conventional distributors 
Conventional flow distributors utilize the pressure-based and trough-type designs, of which 
the typical diagrams are shown in Figure 2.3(a) and (b), respectively. The pressure-based designs, 
i.e., spray nozzle distributors as seen in Figure 2.3(a), positions their outlets on the branches with 
certain interval. The flow paths from the distributor to each outlet are varying between each other. 
In order to achieve uniform flow distribution, each outlet has to be sized accordingly based on its 
flow paths. Such design concept is associated with several inherent disadvantages. As the outlet 
are designed based on particular operating flow rates, the performance of such distributors are 
undermined when the operating flow rates deviate from the designed value significantly. For 
example, the process fluid may drip only from those center outlets when the operating flow rate is 
much lower than the designed one. In addition, the varying flow path results in different residence 
time of each stream. Furthermore, the scale-up of such distributors requires significant efforts as 
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the design lacks symmetry. The outlet density, which is defined as the number of outlets per unit 
cross-sectional area, is usually limited below 250 openings per square meters[9]. 
 
 
Figure 2.3 Illustration of three different types of fluid distributors. (a) a conventional spray nozzle 
distributor (Sulzer Chemtech Ltd). (b) A trough-type liquid distributor (Sulzer Chemtech Ltd). (c) 
A fractal distributor. 
The trough-type distributors are composed of lateral troughs extending from a conventional 
splitter, i.e., an open channel with weirs as shown in Figure 2.3(b). After it overflows from the 
splitter, the incoming fluid flows laterally inside the troughs and maintains a constant height. The 
fluid is then discharged from the orifices such as V-notches locating on the channel walls. The 
discharging flow rates from each orifice is determined by the hydraulic head, which is the distance 
from the orifices to the free surface of the liquid, and the discharge coefficients of the orifices. In 
order to ensure uniform distributions, all troughs must have same width, and all orifices must have 
identical sizes. However, Yu et al.[10] have observed that the lateral flow inside troughs influences 
the discharge coefficients of the orifices even though they have identical sizes. Consequently, the 
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flow discharged from the orifices are not uniform. In addition, the flow paths from the splitter to 
each orifice varies significantly, consequently leading to a broad residence time distribution of the 
process reagent. Furthermore, leveling such distributors during installation and the periodic 
maintenance is essential as the distribution process depends on the free surface flow, which creates 
significant effort to the process. 
Firstly proposed in 1994[1], fractal distributors are now attracting extensive research 
interests. Such distributors are inspired by the fractal patterns existing in nature, i.e., human’s lung 
systems, leaf veins and river basins. The key feature shared by fractal patterns is the self-
similarity[11]. In other words, these patterns contain pieces that are duplications of the same pattern 
on successively increasing scales. By adopting such a feature in engineering, fractal distributors 
utilize symmetric pipe systems to distribute fluid flow as seen in Figure 2.3(c). Since such designs 
rely on the symmetry rather than pressure drop or hydraulic head, they show superior performances 
over conventional distributors in various aspects. First, the fractal distributor allows easy scale up 
due to the self-similarity feature; as a result, the distributors can achieve much higher outlet density 
than conventional distributors. Second, the feed streams have close residence time distribution, as 
their flow paths are almost identical. In addition, fractal patterns regulate turbulent eddies by 
subdividing large eddies into smaller ones. The flow lamination helps to improve the homogeneity 
in the downstream chemical equipment. 
2.3. Fractal distributor in ion-exchanger industry 
A typical application of flow distributors is in the ion exchanger systems. Ion exchangers 
are extensively used for separation and purification by a variety of chemical, food and 
pharmaceutical process industries. Typically, a feed stream is  distributed  before entering a resin 
bed and, subsequently, the flow merges through a collector into an outlet. The performance of an 
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ion exchangers is found to depend on the uniformity of the feed stream and residence time 
distribution critically. Currently, the initial flow distribution is carried out by conventional flow 
distributors of pressure-based designs, e.g., perforated pipe distributors. Such designs are reported 
as inefficient in distributing the feed stream due to their low outlet densities. As the conventional 
flow distributors have limited number of outlets, they cannot distribute the feed stream effectively 
over the cross section of the resin bed. Consequently, the streams take the preferential flow path 
through the bed, which is commonly known as “channeling” phenomenon. The preferential flow 
leads to the low holdup volume and broad residence time distributions of the feed streams. The 
overall performance of ion exchangers are undermined remarkably by the inefficient initial flow 
distribution. As a compensation, ion exchangers usually utilize deep resin beds with “freeboard” 
or “water layers”. The extra depth of the resin bed in turn increases the pressure drop, resin usage 
and consequently operating costs. The “free board” is the free space lying between a flow 
distributor and a resin bed. During normal operations, such space is filled with process fluid, which 
acts as a buffer to maximize the contact area between the process stream and the resin bed. On the 
other hand, the feed stream is dispersed in the water layer, leading to an undesired, broad residence 
time distribution. The uniformity of fractal distribution allows this design element, in many cases, 
to be eliminated entirely and the depth of resin beds can primarily be designed based on the ion-
exchange kinetics. Such improvement can not only reduce the associated pressure drop but also 
more importantly minimize the equipment size and resin consumptions. As an example, for juice 
softening using weak cation exchange,  the size of a resin bed can be reduced by a factor of ten[12]. 
Similarly, fractal distributors can be utilized to replace conventional distributors to improve the 
performance of other chemical equipment as well, which potentially leads to the intensification of 
entire process industries.  
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Because of their superior performances in flow distributions, fractal distributors are 
attracting interests from industrial sectors. However, most of investigations in literatures focused 
on topology optimizations from the aspect of mathematics and did not consider the associated fluid 
dynamics[13-19]. There is limited number of reports discussing the fluid flow inside fractal 
distributors. Therefore, a systematic study of the fluid flow in a fractal distributor is necessary to 
enhance the fundamental understanding. Computational fluid dynamic (CFD) modeling can 
provide the insight of fluid flow inside the ion exchanger that is impossible to measure through 
traditional experimental methods. Therefore, a reliable CFD model is necessary to enhance the 
understanding as well as to improve the design. However, there is limited number of CFD studies 
about fractal designs in such area.  
2.4. Potential of fractal distributor in other applications 
Fractal mixer is another promising innovative application thanks to scaling symmetry from 
fractal. Similarly, with fractal distributor, two parallel fractal distributors are utilized for the 
distribution of each fluid before mixing. Two illustrations have been shown in Figure 2.4. 
Turbulence is the most commonly used method in fluid mixing. However, controlling the 
size of turbulent eddies in flow is a common challenge in chemical processes. Due to the chaotic 
nature of turbulence, the system is usually with irregular flow and a lot of unwanted energy 
dissipation. Unlike turbulence inducing devices, fractal distributors with scaling symmetry offer a 
natural way to regulate eddies in flow fields occurring in chemical processes and thus can 
maximize symmetry and minimize the unpredictable characteristics of mixing. 
11 
 
 
Figure 2.4:  Two examples of fractal mixer from Amalgamated Research Inc. website. (a) A 2 
dimensional fractal mixer with two distributors and one collector. Mixing starts at the junction for 
two distributors. (b) A 3D fractal mixer with two parallel fluid distributors and one collector.  
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Chapter 3. Hydrodynamic Investigation of a Fractal Distributor in a Novel 
Ion-Exchanger 
3.1. Introduction 
In this chapter, we present our experimental and CFD investigations of a novel fractal 
distributor integrated into a “fractal pack” based ion exchanger. Such an ion exchanger consists of 
multiple plates fabricated by poly-methyl- methacrylate (PMMA). The internal channels of the 
fractal are machined inside PMMA plates. The distributor was assembled with either 16 or 256 
outlets. The 16-outlet distributor mimics the outlet density of a conventional pressure-based design. 
However, it is noted that the 16-outlet design used in this study is still a fractal configuration and 
includes the benefits of hydraulic symmetry to all outlets. Therefore, for this chapter, the 16-outlet 
distributor can be considered a “best case” pressure-based design. Conventional pressure-based 
designs, such as spray nozzle distributors, would be expected to perform in a less favorable manner 
than presented here for the 16 outlet fractal device. There are three aims of this work: (1) to develop 
and validate a CFD model that captures the fluid flow inside the fractal distributor and other 
components of the ion exchanger; (2) to compare the performance of a fractal distributor with a 
“best case” hydraulically symmetric pressure-based distributor; (3) to analyze fractal distributor 
performance with various operating conditions, i.e., flow rates and water layer. The following 
sections present our investigations on this ion exchanger system. Section 2 introduces the two 
fractal distributors and the ion exchanger used by this study as well as the experimental approaches. 
Dye visualization and residence time distribution (RTD) analyses was used in the experiments to 
characterize the performances of different distributor under various operating conditions. Section 
3 summarizes the governing equations and the setup of the CFD model. Section 4 discusses the 
results from CFD model and experiments. The results of this work indicate that fractal distributors 
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can provide superior performance over conventional distributors reliably. Fractal distributors can 
not only enable process intensification to ion exchangers but also more generically to other 
chemical processes.  
3.2. Experimental setup 
3.2.1. Geometry of the resin ion-exchange cell 
In collaboration with Amalgamated Research LLC, a novel ion exchanger at pilot scale 
was fabricated using PMMA. As shown in Figure 3.1, such exchanger is composed by three 
components: a fractal distributor, a resin exchanging bed and a fractal collector. The detailed 
illustrations of each component are shown in Figure 3.1. The fractal distributor is assembled by 
three plates. The 1st plate consists of an H-shape channel which distributes the incoming fluid 
stream from the fractal inlet to 4 outlets. Leaving those outlets, the distributed fluid streams then 
enter the 2nd plate where they are distributed again to 16 outlets. Similarly, the incoming fluid 
streams are again further distributed to 256 outlets on the 3rd plate. Each outlet in the 3rd plate has 
a cone-shape expansion which maximizes the contact area between the distributed stream and the 
resin bed downstream. These plates were assembled carefully to ensure that the outlets of the 
previous plate were aligned to the inlets of the next plate precisely.  
 After the fluid streams leave the fractal distributor, they enter the resin red as shown 
as plate 4 in Figure 3.1. The resin bed is comprised by 310-micron ion-exchange resin beads which 
are confined inside the resin frame. The porosity of the resin bed is about 0.44. The particular ion 
exchange resin used in these tests does not adsorb food dye (FD&C Blue No.1) and only acts as a 
simple porous media for RTD and visualization testing. Post to the resin section, the fluid streams 
are collected by a fractal collector. Such a collector is identical to the fractal distributor, but the 
three plates (5th, 6th, and 7th) are assembled in a reverse order. The process streams merge from 
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these inlets into one. The thickness of each plate in the distributor and the collector is about 25.3 
mm. 
 
 
Figure 3.1 Schematic view of the ion-exchange system: (1) the 1st plate consisting of one inlet and 
H-shape channel with four outlets; (2) the 2nd plate consisting of 16 outlets; (3) the 3rd plate 
consisting of 256 outlets with cone shape expansion; (4) resin frame where resin is stuffed inside; 
(5), (6) & (7) collector plates with identical structure as those in the distributor but in a reverse 
direction. The cross sectional area of all the plates are 0.31 m2, and the thickness of each plate is 
25.3 mm. The thickness of a resin frame is 44 mm.  
 
The ion exchangers of two fractal configurations were compared in this study. Namely, 
they are the 1st and 2nd ion exchangers. The fractal distributor in the 1st ion exchanger included 
three plates thus had 256 outlets in total; accordingly, the fractal collector included 3 plates as well. 
In contrast, the fractal distributor and collector of the 2nd ion exchanger consisted of only the 1st 
and 2nd plates. As this distributor only has 16 outlets, it mimics a “best case” conventional pressure-
based distributors with low outlet density.   
3.2.2. Flow visualization and residence time distribution (RTD) measurement 
The flow visualization experiment and the residence time distribution (RTD) analyses were 
carried out during the experiments to visualize the fluid flow inside the fractal distributor. The 
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experimental setup is illustrated in Figure 3.2. The process stream, which was deionized water in 
this study, was injected to the system by a centrifugal pump. The flow rate was manipulated by 
adjusting the rotational speed of the pump using a variable frequency drive (VFD). A flow meter 
(FM) was installed on the discharge of the pump to measure the flow rate. During the experiments, 
the flow rate of the incoming stream was maintained in the range of 6.31E-5 to 2.52E-4 m3/s, 
equivalent to 1 to 4 gallon per minute in metric unit.  
 
Figure 3.2 The schematic of the experimental setup for the flow dye visualization experiments and 
RTD analyses. The infusing flow rates to the system is controlled by a centrifugal pump, of which 
the rotational speed of the impeller is tuned by the variable frequency drive (VFD).  The flow rate 
is measured by the flow meter (FM). The inlet pressure of the ion exchange cell is measured by 
the pressure gauge (PG). Two electric conductivity meters, COND-1 and COND-2, are placed 
prior and post the ion exchanger to measure the conductivities of the fluid streams entering and 
leaving the system. Three valves, V-1, V-2 and V-3 are placed prior the cell in order to control the 
infusion of dye. 
During the experiments, both the flow visualization and the RTD measurements were 
performed simultaneously. A blue dye solution was used to visualize the fluid flow. Sodium 
chloride (NaCl) was adopted as the tracer for RTD measurements. The dye solution and NaCl were 
premixed to prepare a mixture solution with conductivity of 10 mS/cm. Such mixture was 
introduced to the system via a pipe between valve V-2 and V-3. During the experiments, the valve 
V-1 was open initially. After the flow in the system was fully developed, V-1 was quickly shut off 
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at certain time; simultaneously, V-2 and V-3 were open to introduce a pulse of dye and salt 
solutions to the system. The spread of the dye solution was captured by two digital GOPRO 
cameras: one is placed in front of ion exchanger while the other is on one side.  Since the 
introduction of the NaCl solution alters the conductivity of the process stream, the conductivity 
values reflects the tracer concentration. The conductivity values were measured by two meters: 
one (COND-1) was placed prior to the ion exchange system; the other (COND-2) was placed post 
the system. The measurements from these two meters were collected and recorded by a computer 
every 0.03 s. The RTD response 𝐸(𝑡) and mean residence time tm were then calculated by Equation 
(1) and (2): 
                 𝐸(𝑡) =
𝐶(𝑡)
∫ 𝐶(𝑡) 𝑑𝑡
∞
0
                      (3.1) 
        𝑡𝑚 = ∫ 𝑡 𝐸(𝑡) 𝑑𝑡
∞
0
                                     (3.2) 
in which 𝐶(𝑡) is the instantaneous concentration of tracer estimated by the conductivity 
value in the outlet. 
 The second moment of RTD, which reflects the variances of response, was 
calculated by Equation (3): 
         𝜎2 = ∫ (𝑡 − 𝑡𝑚)
2𝐸(𝑡) 𝑑𝑡
∞
0
                                                (3.3) 
 
3.3. CFD model 
3.3.1. Governing equations 
As the process fluid satisfies the incompressible and Newtonian conditions, the fluid flow 
can be described by the incompressible Navier-Stokes equations. The Reynolds number in the 
fractal inlet, corresponding to flow rate as 2.52E-4 m3/s, is 14400 (Re = 𝜌𝑈𝐷ℎ/𝜇, in which 𝜌 is 
fluid density; U is the superficial velocity in the inlet; Dh is the hydraulic diameter of the inlet; 𝜇 
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is fluid viscosity), indicating that the flow is in the fully-developed turbulent regime. Therefore, 
the Reynolds-averaged Navier-Stokes (RANS) equations were adopted to describe the turbulent 
flow: 
𝜕
𝜕𝑥𝑖
𝑢𝑖 = 0          (3.4) 
𝜌
𝜕
𝜕𝑥𝑗
(𝑢𝑖𝑢𝑗) =  −
𝜕
𝜕𝑥𝑖
𝑝 +
𝜕
𝜕𝑥𝑗
[𝜇 (
𝜕
𝜕𝑥𝑗
𝑢𝑖 +
𝜕
𝜕𝑥𝑖
𝑢𝑗)] − 𝜌
𝜕
𝜕𝑥𝑗
(𝑢𝑖′𝑢𝑗′̅̅ ̅̅ ̅̅ ) + 𝜌?⃗? + ?⃗?  (3.5) 
in which 𝑢  is the mean velocity vector, and the subscripts i, j and k stand for the 
components on x, y and z directions; 𝑥 is the spatial vector; 𝜌 is fluid density; 𝑝 is pressure; 𝜇 is 
fluid viscosity; 𝑢𝑖
′ and 𝑢𝑗
′ are the fluctuating velocity components; ?⃗? is the gravitational vector; 
and ?⃗? is the resistance in the resin section which is estimated by the Ergun equation. 
 In order to close the RANS equations, the Reynolds stresses term, −𝜌(𝑢𝑖′𝑢𝑗′̅̅ ̅̅ ̅̅ ), are 
modeled by employing the Boussinesq hypothesis: 
−𝜌𝑢𝑖′𝑢𝑗′̅̅ ̅̅ ̅̅ = 𝜇𝑡 (
𝜕
𝜕𝑥𝑗
𝑢𝑖 +
𝜕
𝜕𝑥𝑖
𝑢𝑗) −
2
3
(𝜌𝑘 + 𝜇𝑡
𝜕
𝜕𝑥𝑘
𝑢𝑘) 𝛿𝑖𝑗    (3.6) 
in which 𝜇𝑡  is the turbulent viscosity; 𝑘  is the turbulent kinetic energy; 𝛿𝑖𝑗  is the unit 
component in the stress tensor.  
 In this study, 𝜇𝑡 and 𝑘 are estimated by the realizable k-ε model. Compared to the 
standard k-ε model, the realizable k-ε model modifies the ε equation to improve the accuracy of 
predicting turbulent kinetic energy dissipation rate. Therefore, it shows superior abilities to capture 
complex flow structures. The realizable k-ε model solves two transport equations for the 
turbulence kinetic energy 𝑘 and its dissipation rate 𝜀: 
𝜌
𝜕
𝜕𝑥𝑗
𝑘𝑢𝑗 =
𝜕
𝜕𝑥𝑗
[(𝜇 +
𝜇𝑡
𝜎𝑘
)
𝜕
𝜕𝑥𝑗
𝑘] + 𝐺𝑘 + 𝐺𝑏 − 𝜌𝜀     (3.7) 
𝜌
𝜕
𝜕𝑥𝑗
𝜀𝑢𝑗 =
𝜕
𝜕𝑥𝑗
[(𝜇 +
𝜇𝑡
𝜎𝜀
)
𝜕
𝜕𝑥𝑗
𝜀] + 𝜌𝐶1𝑆𝜀 − 𝜌𝐶2
𝜀2
𝑘+√𝑣𝜀
+ 𝐶1𝜀
𝜀
𝑘
𝐶3𝜀𝐺𝑏  (3.8) 
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and the turbulent viscosity 𝜇𝑡 is computed by  
𝜇𝑡 = 𝜌𝐶𝜇𝑘
2/𝜀          (3.9) 
In the above equations, 𝐺𝑘 and 𝐺𝑏 are the generation of turbulent kinetic energy due to the 
mean velocity gradients and buoyance, respectively; 𝜎𝑘 = 1.0  and 𝜎𝜀 = 1.2  are the turbulent 
Prandtl number for 𝑘 and𝜀, respectively; 𝐶1𝜀 =  1.44 and 𝐶2 =  1.9 are the model constants. The 
detailed expression of 𝐺𝑘, 𝐺𝑏, 𝐶1, 𝑆 and other variables can be found in the reference
[20].  
 In the resin section, the porous media exerts strong resistance to the fluid flow. Such 
resistance is accounted into the RANS equations as a source term, ?⃗?. The component of ?⃗? is 
estimated by the classic Ergun equation as: 
𝑅𝑖 =  − ( 
𝜇
 𝛼
𝑢𝑖 + 𝐶𝑅2𝜌|𝑢𝑖|𝑢𝑖)        (3.10) 
in which 𝛼  is the permeability, and 𝐶𝑅2  is the inertial resistant coefficient. They are 
expressed as: 
𝛼 =
𝐷𝑝
2
150
𝜖3
(1−𝜖)2
          (3.11) 
𝐶𝑅2 =
3.5
𝐷𝑝
(1−𝜖)
𝜖3
          (3.12) 
Where, 𝐷𝑝 is the diameter of resin bead, which is 310 µm;  𝜖 is the porosity of the resin 
section, which is 0.44.  
 The RTD analyses in the model were conducted by solving the species transport 
equation: 
𝜕
𝜕𝑡
𝐶 +
𝜕
𝜕𝑥𝑖
(𝑢𝑖𝐶) = 𝐷𝑑
𝜕
𝜕𝑥𝑖
(
𝜕
𝜕𝑥𝑖
𝐶)       (3.13) 
in which 𝐶  is concentration of tracer; 𝑢𝑖  is the velocity vector predicted by the N-S 
equations, and 𝐷𝑑 is the diffusivity of the tracer which is specified as 4E-9 m
2/s.  
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3.3.2. Computational domain and boundary conditions  
 
Figure 3.3 Illustration about the computational domains of the two ion exchangers: (a) the 1st ion 
exchanger with the fractal distributor of 256 outlets in total and (b) the 2nd ion exchanger with the 
fractal distributor of16 outlets. The typical Re in certain locations of the distributors are denoted 
in the figures. 
The computational domain of the two ion exchangers are shown in Figure 3.3. The 
corresponding fractal distributors used by these two exchangers consist of 256 and 16 outlets, 
respectively. For the one of 256 outlets, only a quarter of the ion exchanger was simulated utilizing 
the symmetry condition. The inlet velocity was specified with 0.415, 0.83, 1.245 and 1.660 m/s, 
corresponding to the volumetric flow rate as 6.31E-5, 1.26E-4, 1.89E-4, and 2.52E-4 m3/s (1, 2, 3 
and 4 GPM), respectively. For the one of 16 outlets, the entire ion exchanger was simulated. The 
inlet velocity was specified as 1.89 m/s, corresponding to the flow rate of 2.52E-4 m3/s. 
The outlets of the collectors were specified as the pressure outlet with 0 Pa. No-slip 
conditions incorporating with the scalable wall function were specified to all wall boundaries.  
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3.3.3. Simulation setup 
In this study, a mesh dependence test was performed prior to the parametric study in order 
to eliminate the potential numerical error resulted from the insufficient grid resolutions. Three 
types of grids with different resolutions were generated by the CutCell algorithm in Ansys 
Meshing. The test results suggested that the flow profile in resin became independent from grid 
solutions when the total mesh elements exceeded 3.7 million. Therefore, such a mesh was selected 
for the following parametric studies. 
The SIMPLE (Semi-Implicit Method for Pressure-Linked Equations) scheme was used to 
couple the momentum and continuity equations. For spatial discretization, least-squares cell-based 
method was adopted for gradient; standard method was used for pressure interpolation; second-
order upwind was used for momentum, turbulent kinetic energy and turbulent dissipation rate.  
The simulations were carried out with 40 processors on Supermike HPC located at 
Louisiana State University. The steady-state solutions of the N-S equations were obtained usually 
within 5000 iterations. Then the corresponding velocity field was supplied to the species transport 
equation, which adopted transient simulations. A typical time step used by the simulations was 
0.005s.  The entire simulation took about 10 hours.  
3.4. Results and discussion 
3.4.1. Flow profiles inside the ion exchanger 
3.4.1.1. Model validation 
The CFD model is validated by comparing the predicted RTD curves and pressure drops 
of the ion exchanger with the ones from the experiments. The simulations and the experiments 
were carried out with the two ion exchangers shown in Figure 3.3. Figure 3.4(a) plots the RTD 
curves predicted by simulations and the corresponding ones measured from experiments. Figure 
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3.4(b) shows the comparison between the predicted pressure drops at four operating flow rates and 
the measured ones from the experiments. The good agreement between the model and experiments 
suggests that the model successfully captured the flow inside the ion exchangers. 
 
Figure 3.4 (a) Comparison of the RTD curves of the 1st and 2nd ion exchangers measured from 
experiments and predicted by the CFD simulations. The exchangers were operated with a flow rate 
of 6.31E-5 m3/s. (b) Comparison of the predicted pressure drop by simulations with those 
measured from experiments. The pressure drop was measured from the 1st ion exchanger at four 
flow rates. 
 
3.4.1.2. Velocity profiles in ion exchangers 
In order to understand how the flow distribution influences the performance of ion 
exchangers, the detail flow profiles inside the resin bed were analyzed with the aid of simulation 
results. Taking the 1st ion exchanger as an example, Figure 3.5 shows the overview of velocity 
profiles on three representative planes of the resin bed. The locations of these three planes are 
denoted in Figure 3.5(a). They are Plane 1 which is the top surface of the resin bed (0 mm), Plane 
2 which is 5 mm below the top surface and Plane 3 which is 15 mm below. 
On Plane 1, the fluid elements have a distinct velocity distribution: those regions in contact 
with fractal outlets have much higher velocity magnitudes than the other regions as shown in 
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Figure 3.5(b). As the process streams pass through the resin bed, the velocity profiles become 
uniform as shown in Figure 3.5(c) and 6(d).  
 
Figure 3.5 (a) Locations of the three representative planes: Plane 1 which is the top surface of the 
resin bed (0 mm), Plane 2 which 5 mm below the top surface and Plane 3 which is 15 mm below 
the top surface. (b), (c) and (d): Contours of vertical velocity in the flow direction on Plane 1, Plane 
2 and Plane 3, respectively.  
 
In order to observe the velocity evolution quantitatively, three lines were sampled along 
the diagonal of planes of different depths as illustrated in Figure 3.6(a). The locations of these lines 
are denoted in Figure 3.5(a). They locate on the planes that are 5, 10 and 15 mm below the top 
surface of the resin bed, respectively. The corresponding velocity profiles plot in Figure 3.5(b) 
clearly demonstrates the homogenizing process of the velocity profiles along the transversal flow 
direction. When the process streams enter the resin bed, the fluid elements tend to take the shortcut 
to travel through the resin bed. Those regions on the flow track have large velocity magnitudes 
while the other regions off the track have lower ones. As a result, the velocity profiles shows 
24 
 
fluctuations in magnitude, of which the maximum variation is about 1.20 mm/s. On the other hand, 
the resistant force exerted by the resin bed tends to homogenize the velocity profile. As indicated 
in Figure 3.6(b), the peak values is reduced along the transversal direction due to the resistance 
force. When the process stream reaches 15 mm plane, the maximum velocity variation is reduced 
to 0.25 mm, indicating that the flow profile approaches the plug pattern.   
 
Figure 3.6 (a) Illustration about the location of the sampling lines. (b) Velocity profiles along the 
sampling lines in the 1st ion exchanger. (c) Comparison of velocity profiles along Line 3 between 
the 1st and 2nd ion exchangers. 
Figure 3.6 (c) compares the velocity profiles of the 1st and 2nd ion exchanger sampled at 5 
mm plane. Clearly, the velocity profile of the 2nd ion exchanger shows a much larger variation than 
that of the 1st ion exchanger. The significant velocity variation is due to the inefficient initial 
distribution. As a result, the 2nd ion exchanger requires a much deeper resin bed than that of the 1st 
ion exchanger so as to attain a uniform velocity profile. On the other hand, the large velocity 
variation results in malfunctioning operations in the resin bed.  
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3.4.2. Malfunctioning operations of the resin bed 
As illustrated in Figure 3.6, the inefficient distribution of the process stream causes 
significant variations in velocity profiles. Consequently, it leads to the malfunctioning operations 
of the resin bed such as “dead space” and “channeling”. 
The term “dead space” is commonly used in industry to name those regions where the fluid 
elements have much lower velocities than the superficial velocity. In the dead space, the fluid 
elements have prolonged residence time due to their low velocities. Herein, the dead space is 
defined as the region where the velocity magnitude of the process stream is 3.5% below the 
superficial velocity. In contrast, “channeling” refers to the phenomenon that fluid passes through 
bed prematurely with a much shorter residence time. A zone with the fluid velocity that is 3.5% 
over the superficial one is defined as “channeling” zones. In order to quantify the malfunctioning 
operations, the volumetric percentages of the dead space and channeling zones were estimated 
based on the modeling results. For example, the percentage of the dead space is defined as:  
Dead space percentage =   
volume of the dead space
total volume of the resin bed
∗ 100 
A universal index, “degree of heterogeneity”, was used to evaluate the operation of the 
resin bed. The degree of heterogeneity is defined as the sum of dead space percentage and 
channeling zone percentage.  
Figure 3.7 plots the corresponding locations of the dead space and channeling zones in the 
resin beds of the 1st and 2nd ion exchanger, respectively. The dead space is marked in blue while 
the channeling zone is in red. As discussed in Section 4.1.2, the fractal distributor of the 1st ion 
exchanger provides efficient initial distribution. The velocity profile reaches plug flow within 15 
mm of bed depth. Because of efficient initial distribution, the majority of the resin bed in the 1st 
ion exchanger shows normal operation as indicated in Figure 3.7(a). The malfunctioning zones 
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appear only in the vicinity of the top and bottom surface of the resin bed where the flow has 
expansions and contractions due to the existence of the fractal distributor and collector. As shown 
in Table 3.1, the dead space takes 6.28% of the resin bed, and the channeling zones is 16.14%. The 
total degree of heterogeneity of the resin bed is 23.42%, indicating that the majority of the resin 
bed has uniform velocity distribution thus good operation.  
Table 3.1 Summary of the malfunctioning zones. 
 Dead Space 
percentage 
Channeling zone 
percentage 
Degree of 
heterogeneity 
1st Ion exchanger 6.28% 16.14% 23.42% 
2nd Ion exchanger 68.14% 23.97% 91.11% 
 
In contrast, the resin bed in the 2nd ion exchanger has malfunctioning operations. As shown 
in Figure 3.6(c), the process streams leave the fractal distributor and travel through the resin bed 
with a high velocity. As a result, those regions in their flow track forms the channeling zone. 
According to Figure 3.7(b) and Table 3.1, the channeling zones spread from the fractal distributor 
to the fractal collector, taking up 23.97% of the resin bed. In contrast, a majority of the resin bed 
is dead space, taking up about 68.14% of the resin bed. The total degree of heterogeneity is 91.11%, 
suggesting that the entire bed is in malfunctioning.  
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Figure 3.7 Locations of the malfunctioning zones in (a) the 1st and (b) the 2nd ion exchangers.  
3.4.3. Pressure drops of the two ion exchangers 
The pressure drop across the ion exchanger is an important parameter as it determines the 
required pressure head and subsequently operating cost. The modeling results indicate that the 
design of the fractal distributor impacts not only the velocity profiles in the resin bed but also the 
pressure drop across the ion exchanger. When the ion exchangers are operated with a flow rate of 
3.52x10-3 m/s, the corresponding pressure drops across the fractal distributor and the resin bed are 
summarized in Table 3.2. 
Table 3.2 Summary of the pressure drops across the ion exchangers 
Pressure drop Across the resin 
bed (Pa) 
Across the entire ion 
exchanger (Pa) 
Percentage of resin 
bed 
1stIon exchanger 8.1×103 1.6×104 51% 
2ndIonexchanger 9.9×103 9.7×104 10% 
 
 When these two ion exchangers were operated with same flow rate, the total 
pressure drop of the 1st one is only about 16% of the 2nd one. The pressure drops across the resin 
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beds of these two ion exchangers are close to each other, and that of the 2nd ion exchanger is 
slightly higher due to the channeling zones and dead space. The modeling results suggest that the 
significant pressure drop in the 2nd ion exchanger is resulted from the sudden expansion and 
contraction of the process streams. 
Figure 3.8 plots the pressure distributions inside the outlets of the fractal distributors in the 
1st and 2nd ion exchangers. The fractal distributor equipped by the 1st ion-exchanger has a cone-
shape expansion in its outlet. Such design provides a smooth expansion to the fluid; as a result, the 
corresponding pressure drop in the outlet is only about 270 Pa. In contrast, the outlets of the fractal 
distributor in the 2nd ion exchanger is designed with straight channels. Leaving the outlet, the 
process stream has a steep expansion. Such a steep expansion results in a significant pressure loss. 
The pressure drop of the outlet is about 3.7x104 Pa, which is almost two orders of magnitude higher 
than that of the 1st fractal distributor.  
Based on the modeling results, one may conclude that the steep expansion of the streams 
leads to excessive pressure drop. As illustrated in Figure 3.7, the outlet designs in most of 
conventional distributors are similar to that of the 2nd fractal distributor. These conventional 
distributors inevitably result in large pressure drops. The modification of outlet design can reduce 
the pressure drop and subsequently saves the operating cost.  
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Figure 3.8 Pressure distributions in the outlets of (a) the fractal distributor of the 1st ion exchanger 
and (b) the fractal distributor of the 2nd ion exchanger.  
3.4.4. Comparison of the RTDs of the two ion exchangers 
According to the previous sections, the design of a fractal distributor determines the 
velocity profiles inside the resin bed. Due to the low outlet density of the 2nd fractal distributor, 
the velocity profile inside the resin bed of the 2nd ion exchanger is not uniform. A majority of the 
resin bed has dead space and channeling zones. In order to understand the effect of outlet density 
on the residence time distribution (RTD) of process streams, RTD analyses were carried out with 
the two ion exchangers. The flow rate of the process stream was set as 6.31×10-5 m3/s, and the 
resultant RTD curves are shown in Figure 3.9.  
As discussed in Section 4.2, the fractal distributor in the 2nd ion exchanger cannot distribute 
the incoming process stream uniformly due to its low outlet density. The corresponding RTD curve 
confirms the existence of the channeling zone and the dead space. The mean residence time, tm, of 
the 2nd ion exchanger, which is 24.1 s, is smaller than that of the 1st ion exchanger. The smaller tm 
suggesting that a significant amount of tracer leaves the resin bed through the shortcut of 
channeling zones, which is generally known as “channeling” phenomenon. On the other hand, the 
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curve has a long tail, suggesting that the corresponding the rest tracer elements have prolonged 
residence time due to the dead space. The dimensionless second moment, 𝜏, which is defined as  
                                        𝜏 =  
second moment (σ2)
𝑡𝑚
2                                                        (3.14) 
evaluates the overall dispersion in RTD response. From the table in Figure 3.9, the 2nd ion 
exchanger has a larger 𝜏 than the 1st ion exchanger, indicating that the tracer is widely spread when 
it passes through the 2nd ion exchanger.  
In comparison, the RTD curve corresponding to the 1st ion exchanger is close to that of a 
plug flow. The shape is close to symmetric response and has less dispersion. Such shape is 
consistent with the velocity profiles shown in Figures 6 and 7. As the velocity profiles become 
plug shape within a short distance, the tracer travels through the resin bed with fairly uniform 
residence time.  
Based on Figure 3.9, one may conclude that the outlet density of a fractal distributor plays 
a key role in determining the performance of the downstream resin bed. Conventional pressure-
based distributors are similar to the fractal distributor of the 2nd ion exchanger, which generally 
have low outlet densities. The low outlet density undermines the overall performance of the resin 
bed. In comparison, fractal distributors can achieve large outlet density easily because of the 
inherent scaling symmetry. Since they provide uniform distributions, the fractal distributors can 
ensure high efficiencies of resin beds with reduced dead space and narrower residence time 
distribution. 
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Figure 3.9 RTD curves of the 1st and 2nd ion exchangers operated with an incoming flow rate of 
6.31×10-5 m3/s. The embedded table lists the mean residence time and second moments. 
3.4.5. Effect of flow rate on RTD 
Conventional pressure-based distributors usually show good performance only in a narrow 
range of operating flow rates. From previous sections, one may notice that the fractal distributor 
which has 256 outlets offers a uniform RTD to the 1st ion exchanger at the flow rate of 6.31E-5 
m3/s. Since fractal distributors are designed based on the self-similarity, it is hypothesized that 
such fractal distributor provides efficient distributions in a wide range of flow rates. In order to 
confirm such hypothesis, the RTD analyses were conducted for the ion exchanger at four different 
flow rates: 6.31E-5 m3/s, 1.26E-4 m3/s, 1.89E-4 m3/s, and 2.52E-4 m3/s, respectively, 
corresponding to 1, 2, 3 and 4 GPM.  
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Figure 3.10 (a) RTD curves for flow at the studied flow rates (b) Mean residence time and standard 
deviation of the studied flow rates 
The resultant RTD curves for the studied flow rates are shown in Figure 3.10(a). The 
corresponding the mean residence time and standard deviation of these RTD curves are plotted 
with respect to the tested flow rates in Figure 3.10(b). As indicated by Figure 3.10(b), the mean 
residence time and the standard deviation decrease almost linearly with the increase of incoming 
flow rates. The standard deviation is determined by the dispersion of tracer in the resin bed, which 
is governed by the well-know “Taylor dispersion”. According to the analyses performed by Gill 
and Sankarasubramanian[21], the Taylor dispersion coefficient in the laminar regime increases with 
the residence time before it reaches a steady value. The linear relationship of the standard deviation 
and the mean residence time shown in Figure 3.9(b) coincides with the analyses reported by Gill 
and Sankarasubramanian and suggests that the dispersion of the tracer is minimized by the 
increasing flow rates.  
As all the RTD curves shown in Figure 3.10(a) preserves symmetry, one may conclude that 
the fractal distributor provides uniform initial distributions for all the tested flow rates. Such results 
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confirm our hypothesis that fractal distributors can provide efficient distributions in a wide range 
of flow rates. 
 3.4.6. Effect of water layer 
Due to the limited outlet density of conventional distributors, conventional ion exchangers 
usually adopt a “water layer” between the distributor and resin bed as a mitigation. The water layer 
is a free fluid zone which serves as a buffer. As it maximizes the contact area of the process stream 
and the resin bed, the water layer improves the initial flow distribution. However, we argue that 
water layer is unfavorable as it induces strong dispersion and back-mixing. The strong dispersion 
/ back-mixing results in broader residence time distributions of the reagents in the process stream; 
therefore, they undermine the performance of the process especially for those involving chemical 
reactions. Since fractal distributors can achieve uniform initial distributions, we assume that the 
ion exchangers or other process equipment using fractal distributors can eliminate the water layer.  
In order to understand the effect of water layer and confirm our assumption, the dye 
visualization experiment and RTD analyses were conducted with respect to the 1st ion exchanger. 
Two configurations of the ion exchanger were tested: one consists of a 44mm water layer and a 
44mm resin layer in the resin section as shown in Figure 3.11(a1); the other does not include the 
water layer but have the resin section only as shown in Figure 3.11(a2).  
When the ion exchanger adopts the water layer, strong back mixing was observed from the 
dye visualization experiment. The snapshots from the experiments are shown in Figure 3.11(b). 
As seen in Figure 3.11(b1), the dye solution initially leaves the distributor outlets and enters the 
water layer in a manner similar to plug flows. When it approaches the resin layer, back-mixing 
occurs that the dye solution is dispersing all over the water layer. Such back-mixing is caused by 
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the strong viscous resistance exerted by the resin layer. As the dye solution continues to enter the 
water layer, the entire water layer is filled with dye solution as seen in Figure 3.11(b2).  
The RTD response curve provides another evidence about the significant dispersion/back-
mixing process. As seen the Figure 3.12, the RTD curve corresponding to the ion exchanger using 
water layer cannot preserve its symmetric shape as those shown in Figure 3.10. Instead, the 
residence time of the tracer is spread over a broad range, indicating that the tracer dispersion is 
severe in the ion exchanger. The RTD curve confirms our argument that the adoption water layer 
can cause severe dispersion/back-mixing of the process stream and consequently non-uniform 
residence time distribution. Such consequent is not unfavorable especially in those applications 
involving reactions. 
 
Figure 3.11 (a) illustration of ion exchanger configurations (a1) 44 mm water layer and 44 mm of 
resin bed; (a2) 88mm of resin bed. (b) Dye visualization experiment showing (1) dye enters water 
layer and (2) die fully dispersed in the water layer.  
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Figure 3.12. Comparison of RTD curves of ion-exchangers with and without a water layer. 
If the water layer is substituted by a resin layer, the RTD curve preserves the symmetric 
shape. The tracer passes through the resin layer in the manner similar to plug flow. As a result, the 
RTD response curve shows the symmetric spike shape. Such result indicates that a fractal 
distributor of high outlet density can ensure uniform initial distribution; there is no necessity to 
use water layer in the ion exchange. 
3.5. Conclusion 
In this work, a novel filter press-based ion exchanger equipped with a fractal distributor 
and a fractal collector was fabricated using PMMA. Two ion exchanger configurations, of which 
the 1st one includes a fractal distributor of 256 outlets and the 2nd one with a fractal distributor of 
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16 outlets, respectively, were investigated by CFD simulations and experiments including 
residence time distribution (RTD) analysis and dye visualization experiments.  
The results indicate that the outlet density of a fractal distributor plays a key role in 
determining the overall performance of an ion exchanger. When the fractal distributor has a high 
outlet density, the process stream reaches a uniform velocity profile similar to a plug flow with a 
short depth inside the resin bed. As a result, the process stream has a uniform residence time 
distribution in the ion exchanger. In contrast, the insufficient outlet density leads to large velocity 
variations in the process stream. Consequently, from CFD investigations, a majority of the resin 
bed shows malfunctioning operations including dead space and channeling. Due to the non-
uniform distribution, the process stream passes through the resin bed with a broad RTD which 
undermines the overall performance of the ion exchanger. In addition, the fractal distributor of 256 
outlets shows a good performance consistently in the tested flow rates. Furthermore, the dye 
visualization experiments and RTD analyses suggest that the water layer causes server 
dispersion/back mixing of the process stream and subsequently a dispersed RTD. By adopting a 
fractal distributor of a sufficient outlet density, the ion exchanger can eliminate the usage of water 
layer thus obtains a uniform RTD.  
The results in this study confirms the superiority of fractal distributors over conventional 
distributors. Conventional distributors are usually limited with low outlet density due to the design 
challenges. The insufficient outlet density undermines the overall performance of the equipment, 
as evident by the fractal distributor of 16 outlets in the 2nd ion exchanger. Due to the inherent self-
similarity of the fractal design, fractal distributors can achieve high outlet density easily. This study 
may enhance the understanding of fractal distributors and may benefit the process intensification 
using fractal distributors. 
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Chapter 4. Understanding the Physics of Flows in Fractal Distributor with 
CFD Models 
4.1. Introduction 
In last chapter, fractal distributor showed significant improvement over conventional fluid 
distributor. Because of their superior performances in flow distributions, fractal distributors are 
attracting interests from industrial sectors. However, in the industry, the design of fractal 
distributors still relies on empirical evidence and extensive experiments. While in academia, most 
of investigations in literatures focused on topology optimizations from the aspect of mathematics 
and did not consider the associated fluid dynamics [13-19]. There is limited number of reports 
discussing the fluid flow inside fractal distributors. Therefore, a systematic study of the fluid flow 
in a fractal distributor is necessary to enhance the fundamental understanding. Computational fluid 
dynamic (CFD) modeling can provide the insight of fluid flow inside the ion exchanger that is 
impossible to measure through traditional experimental methods. Therefore, a reliable CFD model 
is necessary to enhance the understanding as well as to improve the design. However, there is 
limited number of CFD studies about fractal designs in such area.  
Recently, we have designed and manufactured a novel ion-exchanger device with fractal 
distributors. With RTD and visualization tests in experiments, fractal distributor showed superior 
performance over conventional distributors. However, the performance still has a large space to 
improve. The schematic of the ion-exchanger design is included in the appendix.  
In this chapter, we present our work on CFD investigations on the novel ion-exchanger 
design with fractal distributor. The aim is 1) gain fundamental understanding of the fluid flow 
inside fractal distributor 2) study the effect of key parameters such aspect ratio on the overall 
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performance of fractal distributor.3) Explore design space and obtain performance response 
surface for optimization. 
4.2. CFD models 
As the process fluid satisfies the incompressible and Newtonian conditions, the fluid flow 
can be described by the incompressible Navier-Stokes equations. The Reynolds number in the 
fractal inlet, corresponding to flow rate as 2.52E-3 m3/s, is 14400 (Re = 𝜌𝑈𝐷ℎ/𝜇, in which 𝜌 is 
fluid density; U is the superficial velocity in the inlet; Dh is the hydraulic diameter of the inlet; 𝜇 
is fluid viscosity), indicating that the flow is in the fully-developed turbulent regime. Therefore, 
the Reynolds-averaged Navier-Stokes (RANS) equations were adopted to describe the turbulent 
flow: 
∂
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(𝑢𝑖′𝑢𝑗′̅̅ ̅̅ ̅̅ ) + 𝜌?⃗? + ?⃗?  (4.2) 
in which 𝑢  is the mean velocity vector, and the subscripts i, j and k stand for the 
components on x, y and z directions; 𝑥 is the spatial vector; 𝜌 is fluid density; 𝑝 is pressure; 𝜇 is 
fluid viscosity; 𝑢𝑖
′ and 𝑢𝑗
′ are the fluctuating velocity components; ?⃗? is the gravitational vector; 
and ?⃗? is the resistance in the resin section which is estimated by the Ergun equation. 
In order to close the RANS equations, the Reynolds stresses term, −𝜌(𝑢𝑖′𝑢𝑗′̅̅ ̅̅ ̅̅ ), are modeled 
by employing the Boussinesq hypothesis: 
−𝜌𝑢𝑖′𝑢𝑗′̅̅ ̅̅ ̅̅ = 𝜇𝑡 (
𝜕
𝜕𝑥𝑗
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𝑢𝑗) −
2
3
(𝜌𝑘 + 𝜇𝑡
𝜕
𝜕𝑥𝑘
𝑢𝑘) 𝛿𝑖𝑗    (4.3) 
in which 𝜇𝑡  is the turbulent viscosity; 𝑘  is the turbulent kinetic energy; 𝛿𝑖𝑗  is the unit 
component in the stress tensor.  
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SST k-ω model has been adopted in this study. The shear-stress transport(SST) k-ω model 
was developed by Menter for blending k-ε and k-ω model. By blending of two turbulence models, 
the SST k-ω model combines both the robust formation of the k-ω model in the near-wall region 
and the benefit k-ε model in far field.  
To achieve this, the k-ε model re-formatted into k-ω formation. The standard k-ω model 
and transformed k-ε model then added together after weighted by a unique blending function. The 
blending function is designed in such a way that it equals one at near-wall region and zero when 
far from wall surface for switching between k-ω and k-ε models. The SST model integrates a 
damped cross-diffusion derivative term. Therefore, the SST k-ω model are more accurate and 
robust to capture a wide range of turbulence flow conditions and either of k-ω or k-ε model. 
∂
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∂xj
(Гk
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) + G̃k − Yk − Sk                              (4.4) 
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In equations (4.4) and (4.5), ?̃?𝑘 is generation of turbulence kinetic energy and is calculated 
by 
?̃?𝑘 = −𝜌𝑢𝑖′𝑢𝑗′̅̅ ̅̅ ̅̅
𝜕𝑢𝑗
𝜕𝑥𝑖
            (4.6) 
 ?̃?𝜔 represents the generation of  and is calculated by 
𝐺𝜔 = α
𝜔
𝑘
?̃?𝑘                   (4.7) 
Where α is the coefficient damping the equation for low Re and it approach 1 when flow 
transit into high Re turbulence region. 
𝑌𝑘 and 𝑌𝜔 are the dissipation of k and 𝜔 and they are calculated by 
𝑌𝑘 = 𝜌𝛽
∗𝑘𝜔               (4.8) 
𝑌𝜔 = 𝜌𝛽𝜔
2                                    (4.9) 
42 
 
Where  𝛽∗and 𝛽 are the coefficients respectively. 
As the result of blending of two models, 𝐷𝜔 (cross-diffusion term) is created in SST k-ω 
model and it is calculated as  
  𝐷𝜔 = 2(1 − 𝐹1)𝜌𝜔,2
1
𝜔
𝜕𝑘
𝜕𝑥𝑖
𝜕𝜔
𝜕𝑥𝑗
                                     (4.10) 
Г𝑘 and Г𝜔 represent the effective diffusivity of k and 𝜔 and their formation are calculated 
as  
Г𝑘 = µ +
µ𝑡
𝜎𝑘
                                       (4.11) 
Г𝜔 = µ +
µ𝑡 
𝜎𝜔
           (4.11) 
The turbulent viscosity µ𝑡 is calculated by 
µ𝑡 =
𝜌𝑘
𝜔
1
max [
1
𝛼∗
,
𝑆𝐹2
𝛼1𝜔
]
           (4.13) 
Where S is the strain rate magnitude, 𝛼∗ is the damping coefficient, 𝛼1is a model constant 
with value of 0.31 
 𝜎𝑘 and  𝜎𝜔 are turbulent Prandtl numbers which are a function of blending function F1 and 
F2  
𝜎𝑘 =
1
𝐹1
𝜎𝑘,1
+
(1−𝐹1)
𝜎𝑘,2
           (4.14) 
𝜎𝜔 =
1
𝐹1
𝜎𝜔,1
+
(1−𝐹1)
𝜎𝜔,2
           (4.15) 
Here are some of the model constants: 
 𝛼1=0.31,𝜎𝑘,1=1.176 ,𝜎𝜔,1=2.0, 𝜎𝑘,2=1.0, 𝜎𝜔,2=1.168 
The detailed expression of F1, F2 ,𝛼∗, 𝛽∗and some other constants can be found in the 
reference by Menter [22] 
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For validation purpose, a full size ion-exchanger with fractal distributor, resin bed and 
collector has been modeled and the RTD response from simulation was compared with that from 
experiment. 
In the resin section, the porous media exerts strong resistance to the fluid flow. Such 
resistance is accounted into the RANS equations as a source term, ?⃗?. The component of ?⃗? is 
estimated by the classic Ergun equation as: 
𝑅𝑖 =  − ( 
𝜇
 𝛼
𝑢𝑖 + 𝐶𝑅2𝜌|𝑢𝑖|𝑢𝑖)        (4.16) 
In which 𝛼  is the permeability, and 𝐶𝑅2  is the inertial resistant coefficient. They are 
expressed as: 
𝛼 =
𝐷𝑝
2
150
𝜖3
(1−𝜖)2
          (4.17) 
𝐶𝑅2 =
3.5
𝐷𝑝
(1−𝜖)
𝜖3
          (4.18) 
Where, 𝐷𝑝 is the diameter of resin bead, which is 310 µm;  𝜖 is the porosity of the resin 
section, which is 0.44.  
 The RTD analyses in the model were conducted by solving the species transport equation: 
𝜕
𝜕𝑡
𝐶 +
𝜕
𝜕𝑥𝑖
(𝑢𝑖𝐶) = 𝐷𝑑
𝜕
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(
𝜕
𝜕𝑥𝑖
𝐶)        (4.19) 
In which 𝐶  is concentration of tracer; 𝑢𝑖  is the velocity vector predicted by the N-S 
equations, and 𝐷𝑑 is the diffusivity of the tracer which is specified as 4E-9 m
2/s.  
4.3. Numerical simulations setup 
The computational domain of the 3 different fractal distributor are shown in Figure 4.1. 
For validation purpose as shown in Figure 4.1(a), only a quarter of the ion exchanger was simulated 
utilizing the symmetry condition. The geometry is same as the prototype we manufactured and 
tested. By comparing the experimental results such as RTD with simulation results, validation test 
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of our CFD model was conducted. The inlet velocity was specified with 1.660 m/s, corresponding 
to the volumetric flow rate as 2.52E-3 m3/s (4 GPM). The outlets of the collectors were specified 
as the pressure outlet with 0 Pa. No-slip conditions incorporating with the scalable wall function 
were specified to all wall boundaries.  
 
 
Figure 4.1 Illustration about CFD computation domains. (a)¼ domain of  the prototype ion-
exchanger for CFD validation. b) a simple fractal distributor with 8 legs based on the main branch 
of  fractal geometry from the prototype (c) an extended fractal geometry based on main and side 
branches from the prototype ion-exchanger. 
For understanding the influence of aspect ratio and flow rate on fractal distributor flow 
distribution performance, as is shown in Figure 4.1(b), a simple fractal distributor with 8 legs based 
on the main branch of fractal geometry from the prototype was created and tested with CFD. Inlet 
velocity ranges from 0.5 m/s to 1.5 m/s and the aspect ratio ranges from 0.5 to 2.7. All outlets 
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going downwards are kept same for maintaining same pressure drop for all the cases.  The cross 
section area of the inlet channel is 1.76 cm2. The geometry was created by Ansys Design Modeler. 
Parameter option in Ansys Workbench was activated for automation of design change for different 
channel aspect ratio. The outlets of the collectors were specified as the pressure outlet with 0 Pa. 
No-slip conditions incorporating with the scalable wall function were specified to all wall 
boundaries.  
Figure 4.1(c) shows a simplified fractal geometry based on main and side branches from the 
prototype ion-exchanger. The height and width of the branch channel varies with 5 different certain 
ratios. The inlet velocity was specified with 0.2875, 0.575, 0.8625 and 1.15 m/s, corresponding to 
the volumetric flow rate as 6.31E-5, 1.26E-4, 1.89E-4, and 2.52E-3 m3/s (1, 2, 3 and 4 GPM), 
respectively. A total of 100 study cases has been generated. The outlets of the collectors were 
specified as the pressure outlet with 0 Pa. No-slip conditions incorporating with the scalable wall 
function were specified to all wall boundaries.  
With the dimensions from existing design, parametric study has been performed. From 
Figure 4.2(a), channel width may change at bifurcation. For example, the channel width is 5.232 
mm for the main inlet, and it is 4.064, 3.153, 2.543, 2.384, and 2.384 respectively for further 
bifurcations. In general, the channel width becomes smaller with generation of bifurcations. For 
all the channel width, different scaling ratio has been purposed for parametric study. Name “a” as 
original channel width. Five different scale ratios have been designed here with 0.625, 0.791, 1, 
1.265, and 1.6 accordingly. Similarly, the channel depth “b” for channels is 2.30 mm. Five different 
scaling ratios of .625, 0.791, 1, 1.265, and 1.6 of “b” have been modeled. In total, there are five by 
five variations in terms of distributor geometry. For each distributor design, 1, 2,3and 4 GPM flow 
rate has been applied. With CFD simulations, steady states for a total of 100 different cases have 
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been analyzed. Based on all the results, a response surface for parameter space can be created and 
optimization of flow uniformity can be achieved. Uniformity of flow distribution is the major 
concern for flow distributor and it is the key factor for the overall device performance. In the 
following simulations, Coefficient of Variation, which is standard deviation divided by mean, has 
been used to quantify flow uniformity. 
 
Figure 4.2 Geometry of reduced model. Dimensions are with unit of mm. 
A 5 by 5 testing matrix has been listed in Figure 4.3. With 3-3 as the original geometry, 
four extreme cases have been illustrated in Figure 4.3. Since the progressive of scaling ratio is 
constant with an increment of 1.60.5 which equals to 1.265, the diagonal elements have some 
properties in common. For example, with the diagonal direction from 5-1 to 1-5, all the geometries 
have the same cross-section area but with decreasing aspect ratio. For all the elements on the other 
diagonal line from 1-1 to 5-5, all the designs have their aspect ratio constant but with increasing 
cross-section area. The testing for the effect of cross-section area and aspect ratio provides more 
insights for fractal design.  
 
47 
 
 
Figure 4.3 Illustration of design parameter space. Width and height of fractal channels have been 
varied with 5 different value respectively. 
For all the cases, the SIMPLE (Semi-Implicit Method for Pressure-Linked Equations) 
scheme was used to couple the momentum and continuity equations. For spatial discretization, 
least-squares cell-based method was adopted for gradient; standard method was used for pressure 
interpolation; second-order upwind was used for momentum, turbulent kinetic energy and 
turbulent dissipation rate.  
For case 3, the simulations were carried out with 40 processors on Supermike HPC located 
at Louisiana State University. The steady-state solutions of the N-S equations were obtained 
usually within 5000 iterations. Then the corresponding velocity field was supplied to the species 
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transport equation, which adopted transient simulations. A typical time step used by the 
simulations was 0.005s.  The entire simulation took about 10 hours.  
4.4. CFD model validation  
The CFD model is validated by comparing the predicted RTD curves and pressure drops 
of the ion exchanger with the ones from the experiments. The simulations and the experiments 
were carried out with the two ion exchangers. Figure 4.4(a) plots the RTD curves predicted by 
simulations and the corresponding ones measured from experiments. Figure 4.4(b) shows the 
comparison between the predicted pressure drops at four operating flow rates and the measured 
ones from the experiments. The good agreement between the model and experiments suggests that 
the model successfully captured the flow inside the ion exchangers. 
 
Figure 4.4 (a) Comparison of the RTD curves of the 1st and 2nd ion exchangers measured from 
experiments and predicted by the CFD simulations. The exchangers were operated with a flow rate 
of 6.31E-5 m3/s. (b) Comparison of the predicted pressure drop by simulations with those 
measured from experiments. The pressure drop was measured from the 1st ion exchanger at four 
flow rates. 
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4.5. Results and discussions 
4.5.1. Investigation on the effects on aspect ratio and velocity on the simple 8 legs fractal 
distributor 
As fractal distributor consists a large network of internal channels, their aspect ratios are 
very important to the overall performance. The aspect ratio is defined as channel width divided by 
channel depth. Given same cross-section area, different aspect ratio may lead to different outcome 
of flow distribution. In addition, it is also important to have some knowledge of the influence of 
flow rate on overall flow distribution. 
 The influence of aspect ratio and velocity to a simple 8 legs fractal distributor has been 
investigated. From Figure 4.5(a), the configuration of highest aspect ratio and lowest aspect ratio 
has been shown. High aspect ratio would lead to a “wide but shallow” main channel and its 
following channels. While, lower aspect ratio would result in “narrow but deep” channels. For all 
the cases, the outlets legs are not constant shape following same width as the second branch 
channel from aspect ratio 2.7. The purpose of having same outlet legs is to make the outlet 
conditions to be same for all the cases, since different back pressure from the outlet may greatly 
influence the flow distribution overall. Thus, the flow performance is only due to the nature of first 
and second channels. 
Figure 4.5(b) shows the performance response surface over the designed space. In this 
section, the flow performance is characterized by the ratio between max flow rate and minimum 
flow rate of all outlets. The color legend shows the magnitude of this performance indicator. 
Ideally, if the flow distribution is perfect, this indictor should be 1 as in blue color region. In case 
of mal-distribution, this indicator value would deviate from 1 and swift into red color region. From 
Figure(b), it is clear that for increasing the aspect ratio, meaning the fractal geometry changing 
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from “narrow but deep” to “wide but shallow” configuration, the flow performance would become 
poorer. In addition, increasing inlet velocity, would also result in a poorer performance overall. 
This deterioration is more significant when the fractal distributor is with high aspect ratio (wide 
and shallow). 
With the help of CFD, we can have a better understanding of the physics inside the channels. 
Two fractal geometries have been analyzed and compared. Because of symmetry, only half of the 
domain is simulated. Figure 4.5(c) and (d) shows the stream lines from inlet to outlet colored by 
velocity magnitude for fractal distributors with aspect ratio of 0.5 and 2.7. Wakes are observed 
after every T junction splitting and they may be the cause of preferential flow. By comparison of 
the two geometries, wide but shallow channel generated a much larger wake and more asymmetric 
flow pattern has been developed after flow pass T junction. Due to the geometry nature of the wide 
turn, the length for asymmetric flow to dissipate is less than the one with narrow channel. As the 
combination of two effect, the flow distribution from “wide but narrow” channel is undermined 
severely. 
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Figure 4.5 Results from investigation of 8 legs fractal distributor. (a) The demonstration of two 
fractal distributor with minimum and maximum aspect ratio (b) The response surface for flow 
performance (c) the streamline plot for fractal distributor with minimum aspect ratio (d) the 
streamline plot for fractal distributor with maximum aspect ratio. 
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4.5.2. Investigations with extended design space and fractal geometry from experiment 
The purpose of testing on simple 8 legs fractal distributor is to gain some fundamental 
understandings of the impact of key design parameters such as aspect ratio and flow rate. Later, 
extended fractal geometry based on the prototype distributor used in ion-exchanger experiment 
has also been investigation.  
The design space of fractal distributor with three parameters has also been examined. A 
total of 100 cases has been investigated for possible optimization. In this test, coefficient of 
variation (CV) is used to characterize the flow performance of fractal distributor. It is defined as 
the ratio of the standard deviation of all flow rates to the mean flow rate. The steady state 
simulation result for original design (3-3) at flow rate of 1 GPM has been shown in Figure 4.6. 
From Figure 4.6(b), the flow rates for all outlets have been collected. Based on the 
information, Coefficient of Variation (CV) has been calculated in Figure 4.6(c). In this case, CV 
is 3.3%. As COV is the key parameter estimating the flow uniformity, CV for all the cases have 
been listed in Table 4.1. 
 
Figure 4.6:  Flow field simulation results for the original design from experiment (3-3) at 1 gpm. 
(a) Velocity vector plot; (b) flow rate graph for all the outlets. The column position on (b) 
corresponds to outlets on (a) respectively. For example, the first row in blue corresponds to the 
first row in (a).  (c) Table summary for the flow information. 
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Figure 4.7 shows the response surface of coefficient of variation at flow rate of 3 GPM and 
Table 4.1 provides a more detailed information about CV at all flow rates. 
Based on the information from Table 1 and Figure 4.7, several key conclusions have been 
summarized below.  
 
Figure 4.7 Response surface of CV (Coefficient of Variation) at flow rate of 3 GPM. 
In this test, the outlets of fractal distributor are open to atmosphere without resin bed. With 
less back pressure, the CV values from this test should be larger than tests with resin bed. Although 
the CV values should all be larger than in real ion-exchanger, the relative information and 
knowledge gain from different designs should still hold. 
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Table 4.1: CV for All Simulation Cases. 
   
COV 
   
1gpm 
 
0.625a 0.791a a 1.265a 1.6a 
b/1.6 1.77% 3.54% 13.00% 23.64% 27.92% 
b/(1.6)^0.5 1.01% 2.25% 7.10% 12.91% 24.00% 
b 0.54% 1.08% 3.30% 15.91% 11.97% 
1.6^0.5b 0.30% 1.04% 5.68% 11.99% 21.24% 
1.6b 0.75% 4.72% 7.43% 7.43% 15.37% 
2gpm 
 
0.625a 0.791a a 1.265a 1.6a 
b/1.6 6.47% 14.10% 26.41% 30.32% 30.46% 
b/(1.6)^0.5 5.11% 10.13% 22.69% 29.74% 31.80% 
b 4.45% 7.83% 17.67% 16.97% 29.99% 
1.6^0.5b 4.67% 8.38% 16.71% 21.17% 28.90% 
1.6b 8.08% 11.76% 16.25% 16.25% 24.66% 
3gpm 
 
0.625a 0.791a a 1.265a 1.6a 
b/1.6 9.32% 17.60% 34.38% 37.12% 34.87% 
b/(1.6)^0.5 6.41% 13.08% 29.45% 37.27% 34.39% 
b 5.43% 10.29% 19.59% 20.15% 33.11% 
1.6^0.5b 6.03% 9.89% 19.17% 26.92% 35.22% 
1.6b 9.63% 13.73% 19.19% 19.19% 29.50% 
4gpm 
 
0.625a 0.791a a 1.265a 1.6a 
b/1.6 10.42% 20.63% 35.57% 44.04% 29.63% 
b/(1.6)^0.5 7.01% 14.60% 31.85% 39.33% 32.29% 
b 5.93% 12.09% 20.41% 31.82% 35.01% 
1.6^0.5b 6.14% 10.69% 21.91% 27.84% 37.22% 
1.6b 9.04% 13.60% 21.29% 21.29% 34.58% 
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Increase of flow rate may lead to poor flow distribution. The CV value for all cases reduced 
when flow is at a higher velocity. The finding is in consistent with previous investigation on 8 legs 
fractal distributor. The high inertia may cause larger wake formation and thus lower the flow 
distribution. On point need to notice is that in practice very low flow rate may lead to a poor 
distribution. Dripping may take place at a very low flow rate that may seem to be contradictory to 
the results. That is mainly caused by the low backpressure. The pressure drop is not enough for 
liquid to be filled fully inside distributor. Within normal operation range, increase in flow rate will 
lead to poorer distribution performance.  
With channel width fixed, the optimum channel depth is different based on width. For 
width of 0.625a, the minimum COV appears at depth of “b” for most of the cases. While, at 0.791a, 
at flow rate of 1 and 2 gpm, the optimum depth is “b” and for flow rate of 3 and 4 gpm, the best 
depth is 1.265b. It seems that there is a shift effect that the optimum depth increase with the 
increase of scaling in “a” and flow rate. For width scale higher than 0.791”a”, there is a 
monotonous decrease of COV with increase of depth. The shift for optimal depth is a very 
interesting finding. It may due the combination effect of horizontal fractal channels and vertical 
bending towards the outlets.  
With channel depth fixed, in most cases increasing width will undermine the distribution 
performance. As have discussed in previous section with a simple 8 legs distributor, a wider turn 
at every bifurcation is prone to have preferential flow from larger wakes. 
For fixing aspect ratio, decrease in cross-section area will increase flow uniformity. A 
smaller channel will have a smaller wake generated and a “long” length for flow to redevelop into 
symmetric profile. The high pressure drop with smaller channels may also be helpful in achieving 
better flow uniformity with a cost for more energy consumption. 
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For fixing cross-section area, a larger depth to width ratio shows better CV. This is the 
same conclusion from last section.  
In general, “deep but narrow” fractal channels are preferred as it has better flow distribution. 
For practical application, the pressure drop may not be a big concern since it is already much 
smaller compared with conventional distributor. The key focus in design of fractal distributor is 
on improving the flow distribution inside fractal distributor and inside chemical equipment. 
4.6. Conclusion 
In this chapter, several numerical investigations have been conducted to study the influence 
of key design parameters and to explore the design space of fractal distributor. SST k-ω model has 
been adopted for all simulation cases. 
To obtain the fundamental understandings of flow dynamics inside fractal distributor and 
study the influence of key parameters such as aspect ratio and flow rate, a simple 8 legs fractal has 
been investigated. From the response surface of flow variation, the aspect ratio was found to be 
directly related to the overall performance. Under the constraint of same channel cross-section 
area, a “narrow but deep” is preferred. From the streamline analysis, the wakes generated by T 
junction flow may induce asymmetric flow pattern and further lead to preferential flow. “deep but 
narrow” channel showed less wake formation and longer length for flow to redevelop into 
symmetric profile. A higher flow rate may also contribute to the preferential flow. The inertia from 
a higher Reynold’s number could result in a bigger wake formation. 
The design space of fractal distributor with three parameters has also been examined. A 
total of 100 cases has been investigated for possible optimization. With channel depth fixed, 
decreasing channel width may improve flow uniformity. With channel width fixed, increasing 
channel depth generally can increase the performance but there may be some optimized depth to 
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width ratio. Since there is no back pressure at outlet, the Coefficient of Variation(CV) may 
overestimated in this setup. 1.265 as channel depth to width ratio (aspect ratio) is recommended 
for high flow distribution performance. 
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Chapter 5. Automated Geometrical Exploration of Fractals Seeking Optimum 
Design  
5.1. Introduction 
Design optimization from CFD investigation heavily relies on sufficient data generated 
from CFD simulations. Due to the nature of fractal geometry, seeking optimal design of fractal 
distributor with large degree of freedom brings a challenging task. For example, some important 
design parameters that may be investigated include channel width ratio, channeling height ratio, 
cone shape, cone height, resin depth and flow rate. Because of the high dimension space of 
parameters, the heavy task is almost impossible to be completed by manual labor, and thus data 
exploration with automation is in urgent need by both industry and academia. 
In this chapter, our aim to develop a tool as the solution for large scale CFD parametric 
study problem. Since CFD investigations involve pre-processing, computation and post-
processing procedures, we have developed different tools for each process respectively. For CFD 
investigation, the optimal design of fractal distributor in ion-exchanger has been studied with 
automation tools. A total 147 different ion-exchanger designs and 294 cases have been investigated 
with automated CFD investigation. For automation, Sikuli script, bash scripting and Fluent UDF 
has been adopted for pre-processing, computation and post-processing respectively.   
Usually, the workflow of CFD investigation includes three main sections (pre-processing, 
computation and post-processing). Pre-processing includes geometry preparation and meshing. 
Solidworks and Ansys Designmodeler have been used for geometry processing and Ansys 
Meshing has been adopted for mesh creation in this study. Computation involves solving equations 
such as Naiver-Stokes equation with numerical method. Ansys Fluent has been adopted for 
59 
 
computation. Post-processing involved organizing Fluent generated data and visualization. Fluent 
UDF and Python have been utilized for such purpose. 
To manage a large number of cases, automation tools are needed for high efficiency. Ansys 
Workbench is an integrated platform that includes pre-processing, computation and post-
processing software. For automation, DOE (Design of exploration) toolboxes can be used on 
Workbench platform. However, the platform is not Linux friendly and Windows operation system 
is needed to use DOE toolboxes for automation. 
Alternatively, Sikuli script has been adopted as automation tools for managing geometry 
creation and meshing for all the cases on Windows. Sikuli is a GUI (graphic user interface) based 
tool that is able to simulate all keyboard and mouse movement on Windows and Linux. The system 
was designed by Rob Miller, Tsung-Hsiang Chang, and Tom Yeh. The tools were written in python 
language and it attract tremendous attention in recent years.  
In this project, fractal geometries have been first created in Solidworks parameterized and 
later exported into Ansys Designmodeler. With proper setup, the geometry file is then imported in 
Ansys Meshing for mesh generation. Sikuli script has been used as a glue to complete all the trivial 
operations that needed to done by mouse and keyboard. By taking advantage of loop function, all 
the designs were processed and their mesh files were saved for in a systematic fashion. Later, the 
meshing files were uploaded to HPC server and with bashing scripting, mass Fluent job 
submissions were prepared. For max efficiency, certain queue bash scripts were also created to 
manage current job queues on LSU HPC clusters, e.g., Supermike, Smic, Queenbee. Fluent UDF 
was adopted to output key performance indicators for all cases to one Excel spreadsheet. The data 
was accessed by Python with PANDAS library and visualization completed with Matlibplot and 
Plotly Python library. 
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As is shown in Figure 5.1, with the help of multiple scripting tools, the whole CFD 
investigation process took less than one week. It is almost impossible to complete same task all by 
manual force. The efficiency has been greatly improved with the help of automation tools.  
 
 
Figure5.1 Details of CFD investigation work flow. 
5.2. CFD model 
5.2.1. Turbulence model 
Two flow rates (4 and 8 gallons per minute) have been tested in this study. As the process 
fluid satisfies the incompressible and Newtonian conditions, the fluid flow can be described by the 
incompressible Navier-Stokes equations. For flow rate at 4GPM, the Reynolds number in the 
fractal inlet, corresponding to flow rate as 2.52E-4 m3/s, is 14400 (Re = 𝜌𝑈𝐷ℎ/𝜇, in which 𝜌 is 
fluid density; U is the superficial velocity in the inlet; Dh is the hydraulic diameter of the inlet; 𝜇 
is fluid viscosity), indicating that the flow is in the fully-developed turbulent regime. Therefore, 
the Reynolds-averaged Navier-Stokes (RANS) equations were adopted to describe the turbulent 
flow: 
𝜕
𝜕𝑥𝑖
𝑢𝑖 = 0          (5.1) 
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𝜌
𝜕
𝜕𝑥𝑗
(𝑢𝑖𝑢𝑗) =  −
𝜕
𝜕𝑥𝑖
𝑝 +
𝜕
𝜕𝑥𝑗
[𝜇 (
𝜕
𝜕𝑥𝑗
𝑢𝑖 +
𝜕
𝜕𝑥𝑖
𝑢𝑗)] − 𝜌
𝜕
𝜕𝑥𝑗
(𝑢𝑖′𝑢𝑗′̅̅ ̅̅ ̅̅ ) + 𝜌?⃗? + ?⃗?  (5.2) 
in which 𝑢  is the mean velocity vector, and the subscripts i, j and k stand for the 
components on x, y and z directions; 𝑥 is the spatial vector; 𝜌 is fluid density; 𝑝 is pressure; 𝜇 is 
fluid viscosity; 𝑢𝑖
′ and 𝑢𝑗
′ are the fluctuating velocity components; ?⃗? is the gravitational vector; 
and ?⃗? is the resistance in the resin section which is estimated by the Ergun equation. 
In order to close the RANS equations, the Reynolds stresses term, −𝜌(𝑢𝑖′𝑢𝑗′̅̅ ̅̅ ̅̅ ), are modeled 
by employing the Boussinesq hypothesis: 
−𝜌𝑢𝑖′𝑢𝑗′̅̅ ̅̅ ̅̅ = 𝜇𝑡 (
𝜕
𝜕𝑥𝑗
𝑢𝑖 +
𝜕
𝜕𝑥𝑖
𝑢𝑗) −
2
3
(𝜌𝑘 + 𝜇𝑡
𝜕
𝜕𝑥𝑘
𝑢𝑘) 𝛿𝑖𝑗    (5.3) 
in which 𝜇𝑡  is the turbulent viscosity; 𝑘  is the turbulent kinetic energy; 𝛿𝑖𝑗  is the unit 
component in the stress tensor.  
SST k-ω  model has been adopted in this study. The shear-stress transport(SST) k-ω model 
was developed by Menter for blending k-ε and k-ω model. By blending of two turbulence models, 
the SST k-ω model combines both the robust formation of the k-ω model in the near-wall region 
and the benefit of free-stream independence of the k-ε model in far field.  
To achieve this, the k-ε model re-formatted into k-ω formation. The standard k-ω model 
and transformed k-ε model then added together after weighted by a unique blending function. The 
blending function is designed in such a way that it equals one at near-wall region and zero when 
far from wall surface for switching between k-ω and k-ε models. The SST model also includes a 
damped cross-diffusion derivative term in the w equation. In addition, the turbulent viscosity 
account for the transport of the turbulent shear stress. Therefore, the SST k-ω model are more 
accurate and robust to capture a wide range of turbulence flow conditions and either of k-ω or k-ε 
model. 
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𝜕
𝜕𝑡
(𝜌𝑘) +
𝜕
𝜕𝑥𝑗
(𝜌𝑘𝑢𝑖) =
𝜕
𝜕𝑥𝑗
(Г𝑘
𝜕𝑘
𝜕𝑥𝑗
) + ?̃?𝑘 − 𝑌𝑘 − 𝑆𝑘     (5.4) 
𝜕
𝜕𝑡
(𝜌𝜔) +
𝜕
𝜕𝑥𝑗
(𝜌𝜔𝑢𝑖) =
𝜕
𝜕𝑥𝑗
(Г𝜔
𝜕𝜔
𝜕𝑥𝑗
) + 𝐺𝜔 − 𝑌𝜔 + 𝐷𝜔 + 𝑆𝜔   (5.5) 
In above equations, ?̃?𝑘 represents the generation of turbulence kinetic energy due to mean 
velocity gradients and is calculated by 
?̃?𝑘 = −𝜌𝑢𝑖′𝑢𝑗′̅̅ ̅̅ ̅̅
𝜕𝑢𝑗
𝜕𝑥𝑖
         (5.6) 
 ?̃?𝜔 represents the generation of  and is calculated by 
𝐺𝜔 = α
𝜔
𝑘
?̃?𝑘          (5.7) 
Where α is the coefficient damping the equation for low Re and it approach 1 when flow 
transit into high Re turbulence region. 
𝑌𝑘  and 𝑌𝜔  represent the dissipation of k and 𝜔  and they are calculated by  
𝑌𝑘 = 𝜌𝛽
∗𝑘𝜔             (5.8) 
𝑌𝜔 = 𝜌𝛽𝜔
2          (5.9) 
Where  𝛽∗and 𝛽 are the coefficients respectively. 
As the result of blending of two models, 𝐷𝜔 (cross-diffusion term) is created in SST k-ω 
model and it is calculated as  
𝐷𝜔 = 2(1 − 𝐹1)𝜌𝜔,2
1
𝜔
𝜕𝑘
𝜕𝑥𝑖
𝜕𝜔
𝜕𝑥𝑗
        (5.10) 
 
Г𝑘 and Г𝜔 represent the effective diffusivity of k and 𝜔 and their formation are calculated 
as  
Г𝑘 = µ +
µ𝑡
𝜎𝑘
          (5.11) 
Г𝜔 = µ +
µ𝑡
𝜎𝜔
          (5.12) 
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The turbulent viscosity µ𝑡 is computed as follows:  
µ𝑡 =
𝜌𝑘
𝜔
1
max [
1
𝛼∗
,
𝑆𝐹2
𝛼1𝜔
]
         (5.13) 
Where S is the strain rate magnitude, 𝛼∗ is the damping coefficient, 𝛼1is a model constant 
with value of 0.31 
 𝜎𝑘 and  𝜎𝜔 are the turbulent Prandtl numbers for k and 𝜔, respectively which is  a function 
of blending function F1 and F2  
𝜎𝑘 =
1
𝐹1
𝜎𝑘,1
+
(1−𝐹1)
𝜎𝑘,2
         (5.14) 
𝜎𝜔 =
1
𝐹1
𝜎𝜔,1
+
(1−𝐹1)
𝜎𝜔,2
         (5.15) 
Here are some of the model constants: 
 𝛼1=0.31,𝜎𝑘,1=1.176 ,𝜎𝜔,1=2.0, 𝜎𝑘,2=1.0, 𝜎𝜔,2=1.168 
The detailed expression of F1, F2 ,𝛼∗, 𝛽∗and some other constants can be found in the 
reference by Menter [22] 
5.2.2. Species transport model 
For validation purpose, a full size ion-exchanger with fractal distributor, resin bed and 
collector has been modeled and the RTD response from simulation was compared with that from 
experiment. 
 
In the resin section, the porous media exerts strong resistance to the fluid flow. Such 
resistance is accounted into the RANS equations as a source term, ?⃗?. The component of ?⃗? is 
estimated by the classic Ergun equation as: 
𝑅𝑖 =  − ( 
𝜇
 𝛼
𝑢𝑖 + 𝐶𝑅2𝜌|𝑢𝑖|𝑢𝑖)        (5.16) 
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in which 𝛼  is the permeability, and 𝐶𝑅2  is the inertial resistant coefficient. They are 
expressed as: 
𝛼 =
𝐷𝑝
2
150
𝜖3
(1−𝜖)2
          (5.17) 
𝐶𝑅2 =
3.5
𝐷𝑝
(1−𝜖)
𝜖3
          (5.18) 
Where, 𝐷𝑝 is the diameter of resin bead, which is 310 µm;  𝜖 is the porosity of the resin 
section, which is 0.44.  
The RTD analyses in the model were conducted by solving the species transport equation: 
𝜕
𝜕𝑡
𝐶 +
𝜕
𝜕𝑥𝑖
(𝑢𝑖𝐶) = 𝐷𝑑
𝜕
𝜕𝑥𝑖
(
𝜕
𝜕𝑥𝑖
𝐶)       (5.19) 
in which 𝐶  is concentration of tracer; 𝑢𝑖  is the velocity vector predicted by the N-S 
equations, and 𝐷𝑑 is the diffusivity of the tracer which is specified as 4E-9 m
2/s.  
For post-processing of RTD response data, the moments were calculated. The RTD 
response curve is first normalized by equation 5.11. E(t) is the normalized response. Later, first 
moment 𝑡̅ and second moment σ was calculated by equation 5.12 and 5.13. The first moment is a 
measure of mean residence time and the second moment is indictor for dispersion. From first and 
second moment, a dimensionless dispersion  ?̃? is calculated in equation 5.14. The dimensionless 
form of dispersion can be compared for experiments with different flow rates. 
∫ 𝐸(𝑡)𝑑𝑡 = 1
∞
0
            (5.20) 
𝑡̅ = ∫ 𝑡 ∙ 𝐸(𝑡)𝑑𝑡
∞
0
           (5.21) 
𝜎 = ∫ (𝑡 − 𝑡̅)2 ∙ 𝐸(𝑡)𝑑𝑡
∞
0
           (5.22) 
?̃? =
√𝜎
?̅?
              (5.23) 
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5.3. Design parameters and CFD computation domains 
The geometry of CFD model is based on the design of novel ion-exchanger with fractal 
distributor in chapter 3. The fluid domain consists of three parts: fractal distributor, resin bed and 
fractal collector. As in shown in Figure 5.2(a), the incoming fluid stream enters from top, and then 
is distributed by fractal distributor and later passes through porous resin bed before finally merges 
into one outlet. Figure 5.2(a) shows the actual dimension from existing design. For simplification, 
only half of the actual geometry was simulated with symmetry boundary condition. Inlet stream 
from top first splits at T junction at symmetry plane, then flow downwards to enter the main 
horizontal fractal channels which further divide flow into 16 steams. After the last exiting 
rectangular channel, the stream flow downwards passing cylindrical channels and the cone 
structures before reaching resin bed. The cone was design to expand contact area with resin bed 
for better flow distribution in porous media. As porous media, the resin bed has porosity of 0.44. 
The fractal collector has same design with fractal distributor but was assembled in reverse order 
for collection of fluid streams. 
 For CFD parametric study, three design parameters have been tested. They are main 
horizontal plane fractal channel width, height and cone type. Since there are multiple channels on 
the main horizontal plane, the width scale and height scale are used. The scaling ratio meaning all 
width and height dimensions will be varied relative to original channel dimension. Figure below(b) 
lists the details for design parameters. The original geometry from experiment are with width as 
w4 and height as h4 and cone shape as c1. For original width and height of channels on main 
horizontal plane, they are scaled with constant rate. The scaling ratios with original dimensions 
are listed in 5.2(b).  The dimensions of last exiting rectangular channel have also been listed. The 
width of it is always equal to the diameter of its following cylindrical channels. Thus, by changing 
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width, the cylindrical channels shape will be varied. As the result, each parameter is with seven 
different variations. For example, “w1” indicate smallest width with 1.49 mm as last exiting 
channel. 
Three cone shape has been proposed as in shown in Figure 5.2(c). All cones are connected 
with cylindrical channels and with a height of 8.90 mm. The first cone shape(c1) is following the 
same concept from the original design which is to have maximum contact area to resin bed by 
expansion. Based on the geometry occupation of each outlet, the expansion cone was design to be 
12.50 mm in diameter as maximum expansion. The second cone shape(c2) is a unique straight 
“cone”. There is no expansion or contraction and the diameter always equal to the width of last 
exiting rectangular channels. Thus, the cone contact area with resin bed is not fixed but varying 
with respect to width(w). Lastly, the third cone shape is constriction (c3). The diameter of cone 
contacting resin is fixed with value of 1.49mm as the smallest width of exiting channel(w1). The 
diameter of cone contacting resin for first and third type is fixed and for second cone type, it is not 
fixed. Because of that, for the case of “w1”, the second cone type(c2) will have identical shape 
with third cone type(c3). 
With seven variations on parameter “width” and “height” and three cone type, a total of 
147 different fractal design were proposed and created. Case names were given to each of them 
with nomenclature such as “w1_h1_c1”. Figure 5.3 listed four different designs. For each design, 
the case name and parameter dimensions are listed. In addition, the influence of flow rate has also 
been tested. Two flow rates (4 and 8 GPM) are adopted in this work. 
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Figure 5.2 (a) Fluid domain with original design from experiment (w4_h4_c1). (b) Table with 
detailed information about the three design parameters. (c1,2,3) Illustrations of three different cone 
type. (c1) shows the expansion cone type (c2) shows the straight cone type (c3) shows the 
constriction cone type. 
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Figure 5.3 Top view and side view for four design cases. (a) shows the design geometry from case 
w1_h1_c1 (b) shows the design geometry from case w7_h7_c1. (c) shows the design geometry 
from case w1_h1_c3. (d) shows the design geometry from case w7_h7_c3. 
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5.4. Simulation setup 
After fluid domains were generated, they were exported into Ansys Meshing for mesh 
generation. Cut cell method was adopted for high quality of hex meshes. Different mesh density 
has been applied for different part of fluid domain. Since distributor is the key component that 
need to be investigated, its body meshing is with the smallest element size (3E-3 meter) of all body 
meshing. The body meshing for rest of the domain was set as 4E-3. For global meshing control in 
Ansys Meshing, minimum mesh size was set as 3E-4 and maximum size was 1.6E-3. The mesh 
growth rate was limited to 1.1. Since the mesh density was fixed while fluid domain is changing 
with respect to different design, the overall number of mesh element is ranging from 3 million to 
8 million. 
A total of 294 cases were created with the help of automation tools and for all the cases, 
the SIMPLE (Semi-Implicit Method for Pressure-Linked Equations) scheme was used to couple 
the momentum and continuity equations. For spatial discretization, least-squares cell-based 
method was adopted for gradient; standard method was used for pressure interpolation; second-
order upwind was used for momentum, turbulent kinetic energy and turbulent dissipation rate.  
All the simulations were carried out with HPC clusters located at Louisiana State 
University. The steady-state solutions of the N-S equations were obtained usually within 5000 
iterations. Then the corresponding velocity field was supplied to the species transport equation, 
which adopted transient simulations. RTD responses for each cases were saved in a text file and 
later been processed in bash script to calculate moments such as mean residence time and 
dispersion. A typical time step used by the simulations was 0.005s.  For each case, 20 cpu cores 
on HPC were request and single case took around 24 hours. With all 294 cases, about 100 cases 
can be processes at same time due to the HPC user resource usage policy and thus all computation 
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job have been completed within 3 days. The Fluent data was later accessed by Fluent UDF and 
only key performance indicators were exported into a single text file. Taking account for pre-
processing and post-processing stages, the total project time is around 1 week.  
All the information was collected and compared in a table shown in reference section. The 
input parameters are width ratio, height ratio and cone shape type. The output parameters are key 
flow performance indicators. The first output parameter is “volume_ratio” and it is the total volume 
of fractal geometry (distributer and collector) divided by resin bed pore volume. “volume_ratio” 
was calculated based on three geometry input parameters. The second output parameter is 
“pressure” which measures pressure drop across the whole ion-exchanger. The third one is “CV” 
which represents coefficient of variation. It is calculated as the standard deviation of the flow rate 
on all 16 fractal distributor outlets divided by the mean flow rate. “CV” is a flow distribution 
indicator in fractal distributor outlet channels. The fourth one is “mal_zoneratio” which measures 
the mal-distribution zones in resin bed. The mal-distribution zones include “dead space” and 
“channeling” zones. A zone with the fluid velocity that is 10% over the superficial one is defined 
as “channeling” zones and the zone with 10% less velocity is defined as “dead space” zone. The 
total ratio of mal-distribution volume to resin bed volume is defined as mal-distribution ratio as 
parameter “mal_zoneratio”. The fifth output parameter is “dimensionless dispersion” as it come 
from moments calculation from RTD response. It measured the deviation from ideal plug flow.  
5.5. Results and discussion 
In this section, the relation between input and output parameters were discussed. The input 
parameter includes three design parameters (width, height and cone type) and one flow parameter 
(flow rate).  The five output parameters are volume ratio, pressure drop, CV, mal-distribution zone 
ratio and dimensionless dispersion. 
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5.5.1. Investigation of fractal volume ratio  
The 3D surface volume of fractals plot has been shown in Figure 5.4. As indicated by the 
color, the red surface shows values for cases with cone type C1, green with C2 and blue with C3. 
 
Figure 5.4 Contour plot of fractal volume ratio 3D surface plot for 147 designs. 
The ratio of total volume for fractal distributor and collector range from 0.0326 to 0.2501. 
The least volume of fractals is with case w1_h1_c3 and w1_h1_c2. They are same designs with 
smallest channel width and height. In addition, the cone is “straight” with no expansion. On the 
other hand, the case w7_h7_c1 is with the largest volume.  
In terms of the influence of three input parameters, each contributes differently. The width 
contributes more than height to overall fractal volume since the width for existing rectangular 
channels always equal to the diameter of following cylindrical channels. By increasing width, both 
main horizontal rectangular and following cylinder channels expand. The cone type is also very 
important. First cone type(c1) with expansion design leads to highest fractal volume. On the 
contrary, designs with the third cone type(c3) has the smallest volume. The second cone type (c2) 
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with straight channels have median volume compared with the other two. For smallest width, type 
c2 and c3 share the same design. 
The investigation of fractal volume is very important in practical application. In the 
industry, the volume of distributor may also be called “holdup volume”. The smaller holdup 
volume is preferred as it reduces the necessary dispersion for fluid residence time inside distributor. 
A smaller volume may also lead to smaller footprint of equipment and capital cost. On the other 
hand, smaller volume of distributor means smaller internal channels and that may result in high 
pressure drop. 
5.5.2. Investigations on total pressure drop of ion-exchanger 
The 3D surface plot of ion-exchanger pressure drop has been shown in Figure 5.5. As 
indicated by the color, the red surface shows values for cases with cone type C1, green with C2 
and blue with C3. Since there are two flow rates(4,8GPM) involved, two surfaces were plotted for 
each color and pressure drop with 8 GPM is about four times higher than its 4GPM counterpart. 
The design of w1_h1_c3 and w1_h1_c2 leads to highest pressure drop with around 120K Pa for 8 
GPM flow rate. From previous volume ratio study, it is with the smallest fractal volume. On the 
other hand, the design of w7_h7_c1 with largest fractal volume has also the lowest pressure drop. 
In terms of the influence of three input parameters, each contributes differently. As for the 
contribution of three geometry parameters, similar pattern has been observed with volume ratio 
study. Pressure drop increases as holdup volume decreases. At same flow rate, the highest pressure 
drop by w1_h1_c3 is about two time higher than the lowest pressure drop by w7_h7_c1.  In general, 
high pressure drop of ion-exchanger is contributed by smaller width, height and constriction cone 
type(c3). 
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Figure 5.5 Contour plot of total pressure drop for 294 cases. 
The investigation on pressure drop is very helpful since it offers guidance of pressure drop 
in terms of different design parameters. 
5.5.3. Investigation of coefficient of variation in flowrates inside fractal distributor 
The 3D surface plot of ion-exchanger Coefficient of variation has been shown in Figure 
5.6. Coefficient of variation is a performance indictor for flow distribution inside fractal distributor. 
A less coefficient of variation is desired since it offer better flow unfiromity at all outlet. As 
indicated by the color, the red surface shows values for cases with cone type C1, green with C2 
and blue with C3. Since there are two flow rates(4,8GPM) involved, two surfaces were plotted for 
each color. 
From Figure 5.6, the parameter of cone type offers the most contribution to CV. The 
expansion cone type C1 leads to highest CV. The lowest CV is with constriction cone type C3. 
While, the straight cone type C2 has median CV.  This result may due to the influence of back 
pressure in fractal outlet section. An expansion cone which aim at occupying the largest resin area 
is with the least back pressure, whereas constricting flow with a cone type (C3) lead to highest 
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back pressure. This information may be supported from the pressure drop investigation in the last 
section. Because of different backpressure with different cone type, the flow distribution inside 
may be influenced and its CV is directly related with cone shape. 
 
Figure 5.6 Coefficient of variation 3D surface plot for 294 cases 
Besides cone type influence, CV is also related to channel width and height. From Figure 
5.6, largest CV occurs at smallest depth and largest height given same flow rate and cone type. A 
“shallow but narrow” channel may be an inferior design considering flow distribution inside 
distributor. In addition, for all the cone types, a higher flow rate lead to larger CV. From previous 
investigation, the wake formation at T junction is the cause for preferential flow and a higher 
inertia may induce larger wake formation.   
5.5.4. Investigations of mal-distribution zone inside resin bed 
The 3D surface plot the mal-distribution zone has been shown in Figure 5.7. The mal-
distribution zone volume ratio measures the percentage of total volume of mal-distribution zones 
(channeling and dead space zones) in resin space. For Figure 5.7(b), As indicated by the color, the 
red surface shows values for cases with cone type C1, green with C2 and blue with C3. 
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The mal-distribution zone volume ratio is very important as it directly measures the flow 
distribution inside porous media. As the purpose of flow distributor is to provide uniform flow 
distribution to the objective media, less mal-distribution zone means better flow uniformity. From 
steady state flow perspective, it is the ultimate design goal for flow distributor. 
 
 
Figure 5.7 Coefficient of variation 3D surface plot for 294 cases. 
The parameter of cone type showed significant contribution to overall mal-distribution 
zone volume ratio. Cone type C3(constriction) and C2(straight) showed much higher mal-
distribution zone volume than C1(expansion). That may due to the effect of contact area between 
cone and resin bed. A larger contact area may distribute flow more evenly when flow enter resin 
bed, whereas, small opening area with high velocity creates inhomogeneity of flow distribution 
inside resin bed.   
From Figure 5.7(b), it is clear that expansion cone type C1 offers superior flow distribution 
ability inside resin bed although it has largest CV among all cone types. Both CV inside distributor 
and contact area may influence flow uniformity inside resin bed. As two effects combined, the 
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benefit of large contact area from C1 overcomes the disadvantage of CV and makes cone type 1 
the best cone shape overall in terms of flow distribution in resin.  
Figure 5.7(a) shows the surface plot for cone type C1 only. With same contact area, the 
flow distribution inside resin depends on CV in flow distributor. When compared with the results 
of CV in last section, a similar conclusion may be made. The largest mal-distribution zone occurs 
with largest width(w7) and smallest height (h1). The flow distribution in fractal distributor may 
propagate to downstream and thus influence flow distribution inside resin bed. 
 From the results, the mal-distribution zone in resin bed may be influenced by flow 
distribution uniformity in fractal distributor(CV) and the contact area between cone and resin bed. 
5.5.5. Investigations of dispersion in RTD response 
The 3D surface plot the dimensionless dispersion has been shown in Figure 5.8. For Figure 
5.7(b), As indicated by the color, the red surface shows values for cases with cone type C1, green 
with C2 and blue with C3. 
 
Figure 5.8 Coefficient of variation 3D surface plot for 294 cases. 
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In a dynamic system such as RTD test, the dimensionless dispersion reflects the deviation 
of species pulse from ideal plug flow. Ideally, a shape peek with uniform residence time on 
response curve E(t) with time is expected. However, due to dispersion in ion-exchanger, the RTD 
response curve further spreads out around mean residence time. The dispersion results from both 
molecular diffusion as well as unnecessary dispersion by poor flow distribution inside ion-
exchanger. As the result, RTD response with less dispersion is desired. In this investigation, the 
dimensionless dispersion for all cases have been compared. 
From Figure 5.8, significant influence of cone type on dimensionless dispersion has been 
observed.  Cone type C1 has least dimensionless dispersion while cone type C3 has the highest 
value. The trend in general is similar to the mal-distribution zone response surface in last section 
with some difference. Firstly, the trend for C1 is same with mal-distribution volume surface plot. 
Secondly, cone type C2 and C3 shows less dispersion at higher width. For C2, it may due to the 
benefit of larger contact area and thus improved the flow distribution inside resin bed. For C3, it 
may due to the weighting factor of increasing volume. To calculate dimensionless dispersion, the 
mean residence time is involved which is related directly by fractal volume. A large fractal volume 
would lead to a higher mean residence time and thus reduce the value of dimensionless dispersion.  
The dispersion for RTD may be influence by both mal-distribution zone ratio, total fractal 
volume and CV. The residence time of dye pass through ion-exchanger may be divided into two 
parts; residence time in fractal volume and resin bed. The non-uniformity of residence time 
(dispersion) in resin bed maybe due to mal-distribution zones. On the other hand, the dispersion in 
fractal volume may due to unequal flow path(CV) as well as unnecessary molecular dispersion by 
longer residence time in large fractal volume. 
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The dimensionless dispersion is a key indicator of flow distribution inside ion-exchanger 
for dynamic system as it measures the deviation from ideal plug flow. The investigation shares a 
similar conclusion with last section for mal-distribution volume in resin. The dimensionless 
dispersion and mal-distribution volume are ultimate key indicators for flow distribution. 
5.6. Conclusion 
In this chapter, an automation tool has been developed for solving large scale CFD 
parametric study problem.For CFD investigation of fractal distributor in ion-exchanger, a total 147 
different ion-exchanger designs and 294 cases have been studied.  
The input parameter includes three design parameters (width, height and cone type) and 
one flow parameter (flow rate).  The five output parameters are volume ratio, pressure drop, CV, 
mal-distribution zone ratio and dimensionless dispersion. 
From simulation results, the total pressure drop was shown to be directly related to fractal 
volume. A “deep but narrow” channel benefits flow distribution in both fractal distributor and resin 
bed from coefficient of variation results and mal-distribution zone results respectively.  
The parameter of cone type has an important role in both flow distribution as well as RTD 
dispersion. The expansion type cone C1 was found to have best performance for flow distribution 
in resin bed. Consequently, such cone type leads to less dispersion in RTD response.  
5.7. References 
Menter, F. R. (1994). Two-equation eddy-viscosity turbulence models for engineering applications. 
AIAA Journal, 32(8), 1598-1605. doi:10.2514/3.12149 
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Chapter 6. Ion-exchanger Adsorption Model Investigation 
6.1. Introduction 
In this chapter, a CFD model was developed for modeling the ion-exchange adsorption 
process. The goal to develop a comprehensive CFD model to capture adsorption kinetics and 
achieve optimization for ion-exchange processes.  
In this chapter, a 1-D mathematical model for adsorption was proposed and solved with 
numerical methods in Python. The same model has also been implemented with Fluent User 
Defined Function. The results from both Python code and Fluent has been compared.  
The implantation of adsorption model with 3D model in Fluent is still under development. 
In future work, the adoption UDF model is planning to be coupled with turbulence model with 
porous media in actual 3D ion-exchanger geometry with fractal distributor. 
6.2. Mathematical model for adsorption process 
The adsorption model involves three major sections, i.e. species transport with source term 
in continuous phase, species diffusion equation in domain of particles and implementation of 
adsorption isotherm. The model formation is similar with Bautista’s work[23] on α-Amylase 
adsorption in a Fixed Bed. 
6.2.1. Continuous phase species transport with source term 
A standard convection diffusion species transport equation with assumption of constant 
density and compressive is listed as  
∂C
∂t
+
∂C
∂x𝑖
(𝑢𝑖𝐶) =
∂
∂x𝑖
(𝐷𝐿
∂C
∂x𝑖
) + 𝑆       (6.1) 
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Where C is the concentration of the species in bulk phase with unit of mol/m3. 𝑢𝑖 is velocity 
component. 𝐷𝐿  is diffusion coefficient in bulk phase. S is the source term.  
∂C
∂t
 is the transient 
term. 
∂C
∂x𝑖
(𝑢𝑖𝐶) is convection term. 
∂
∂x𝑖
(𝐷𝐿
∂C
∂x𝑖
) is diffusion term. 
For adsorption, the source term should reflect the flux across continuous phase and particle 
phase.  
𝑆 = (
1−𝜖
𝜖
)
3𝑘𝑓
𝑅
(𝐶 − 𝑐𝑝|𝑟=𝑅)        (6.2) 
Where ϵ is porosity, kf is external film mass transfer coefficient.  cp denotes the species 
concentration in particle domain.  cp|r=R  refers to the boundary concentration from particle 
domain. The source of flux is concentration driven between continuous phase and particle phase. 
Mass transfer across the boundary layer surrounding the solid particles is characterized by the 
external-film masstransfer coefficient kf 
6.2.2. Species diffusion equation in domain of particles 
Assuming Intraparticle mass transport is due to Fickian diffusion, and it is characterized 
by the pore diffusion coefficient, Dp. 
In spherical coordinate system, the diffusion equation is organized as  
∂c𝑝
∂t
+ (
1−ϵ𝑝
ϵ𝑝
) 𝜌
∂q
∂t
= D𝑝 (
∂2c𝑝
∂r2
+
2
𝑟
∂c𝑝
∂r
)      (6.3) 
Where c𝑝 denotes species particle concentration with unit of mol/m
3. ϵ𝑝 is particle porosity. 
𝑞 is the solute concentration on the particle solid phase with unit of mol/m3. r is the radius of 
particle with unit of meter. 
By assuming instantaneous equilibrium 
∂q
∂t
=
∂q
∂cp
∂c𝑝
∂t
          (6.4) 
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And we can obtain  
∂cp
∂t
=
1
[1+ρ(
1−ϵp
ϵp
)
∂q
∂cp
]
Dp (
∂2cp
∂r2
+
2
r
∂cp
∂r
)       (6.5) 
Where  
∂q
∂cp
 is controlled by the adsorption isotherm. 
The boundary condition in particle phase should also be addressed. 
Due to symmetry, no flux at particle center 
−Dpϵ𝑝
∂cp
∂r
|
𝑟=𝑅
= 0         (6.6) 
At outer particle wall, the flux between continuous phase and particle phase is listed as 
∂cp
∂r
|
𝑟=0
= kf(C − cp|r=R)        (6.7) 
The domain of particles in lumped into continuous phase and according to local 
concentration in the bulk phase, the outlet boundary flux is calculated for each particle diffusion 
equation. So in general, this adsorption model is not simply solving two coupled equations. For 
example, in Fluent, depend on the number of mesh cells, for each one a similar particle diffusion 
equation need to be solved. For example, if there are 1000 cells in porous media, there will be 
1000 diffusion equations that are coupled with species transport equation in bulk phase. 
 
6.2.3. Adsorption isotherm 
In this work, Langmuir isotherm is assumed with  
q =
Qm∙b∙cp
(1+b∙cp)
          (6.8) 
where Qm is maximum adoption capacity on resin, b is parameter in Langmuir isotherm 
And 
∂q
∂cp
 term can be derived as 
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∂q
∂cp
=
Qm∙b(1+b∙cp)−Qm∙b
2∙cp
(1+b∙cp)
2        (6.9) 
6.3. The adsorption model for 1D case setup 
As reference to Bautista’s work[23], a similar 1D case study has been proposed.  
Fluid pass through porous media in one direction with constant velocity. Figure 6.1 shows 
the continuous domain with a linear velocity of liquid phase in z direction.  
 
 
 
Figure 6.1 Illustration of computation domains in adsorption model. 
The details of input parameter have been listed in Figure 6.2. For simplicity, the bulk inlet 
concentration was set as 1 mg/ml. 
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Figure 6.2 Details of parameter initialization in Python. 
The boundary conditions and initial conditions for bulk phase are 
𝛛C
𝛛z
|
z=L
= 0           (6.10) 
C = 0   at  0 ≤ z ≤ 𝐿  (𝑡 = 0)       (6.11) 
C = C0   at  z = 0  (𝑡 > 0)        (6.12) 
The boundary conditions and initial conditions for particle phase are 
c𝑝 = q = 0   at  0 ≤ r ≤ 𝑅  (𝑡 = 0)       (6.13) 
6.4. Solving 1D adsorption problem with numerical method in Python  
 For convection diffusion equation, first order upwind explicit scheme has been adopted.  
For 1-D case, the equation was organized as  
−DL
∂2C
∂z2
+ v
∂C
∂z
+
∂C
∂t
+ S = 0        (6.14) 
The discretized form can be list as 
−DL
C𝑧+1−2C𝑧+C𝑧−1
∆z2
+ 𝑣
C𝑧−C𝑧−1
∆z
+
C𝑧
𝑛+1−C𝑧
∆t
+ 𝑆=0     (6.15) 
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C𝑧
𝑛+1 =
DL
∆z2
∆tC𝑧+1 + (1 −
2DL
∆z2
−
𝑣
∆z
) ∆tC𝑧 + (
DL
∆z2
+
𝑣
∆z
) ∆tC𝑧−1   (6.16) 
Diffusion equation in particle can be written as  
∂cp
∂t
= 𝐴Dp (
∂2cp
∂r2
+
2
r
∂cp
∂r
)        (6.17) 
With center difference method, 
C𝑝
𝑛+1−C𝑝
∆t
= 𝐴Dp (
c𝑝𝑟+1−2c𝑝𝑟+c𝑝𝑟−1
∆r2
+
2
r
(c𝑝𝑟−c𝑝𝑟−1)
∆r
)     (6.18) 
And arrange with  
C𝑝
𝑛+1 = 𝐴Dp (
1
∆r
+
1
𝑟
)
∆t
∆r
c𝑝𝑟+1 + [1 − 𝐴Dp (
2
∆r
)
∆t
∆r
] c𝑝𝑟 + 𝐴Dp (
1
∆r
−
1
𝑟
)
∆t
∆r
c𝑝𝑟−1(6.19) 
Where   
𝐴 =
1
[1+ρ(
1−ϵp
ϵp
)
∂q
∂cp
]
         (6.20) 
The details of discretization with first order upwind method for bulk phase and center 
difference method in particle phase have been shown in Figure 6.3. 
 
Figure 6.3 Details of discretization of equations in Python code. 
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6.5. Solving 1D adsorption problem with Fluent User Defined Function  
The discretized form of equations was solved with tridiagonal matrix algorithm, a semi 
implicit method with C language. The tridiagonal matrix algorithm as one numerical method for 
solving tridiagonal systems of equations is a simplified form of Gaussian elimination. The details 
of TDMA method Fluent UDF implementation have been shown in Figure 6.4 and Figure 6.5. The 
iterative function has been shown in Figure 6.4 and the boundary condition for particle phase has 
been applied in Figure 6.5.  
 
 
Figure 6.4 Details of TDMA function in C language for Fluent UDF. 
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Figure 6.5 Details of boundary condition implementation in TDMA function in C language. 
As is shown in Figure 6.6, the source term for each particle diffusion equation is changing 
with every time step which is related to the change of bulk concentration. Thus, 
DEFINE_ADJUST macro was adopted for computing diffusion equation at every time step for 
every mesh cell  
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Figure 6.6 Details of DEFINE_ADJUST Macro. The Macro was called at every time step for auto 
update particle boundary condition. 
As in shown in Figure 6.7, after solving pore diffusion equation, with the updated particle 
wall concentration, a new source term is generated for bulk phase species transport as well. In such 
way, the diffusion equation in particle and bulk phase species transport equation are coupled 
together.  
 
Figure 6.7 Details of DEFINE_SOURCE Macro for source term in continuous species transport 
equation. 
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6.6. Results and discussion 
6.6.1. Results from pure diffusion equation 
A simple one equation model for particle diffusion has been first validated by comparing 
results from different sources.  
By assuming the bulk concentration is always maximum (1 in this case), the particle 
diffusion equation is responsible for species transport inside particle. The TDMA method has been 
also tested with standalone C compiler without Fluent. As is shown in Figure 6.8, the results of 
concentration profiles from three approaches showed good agreements.  
 
Figure 6.8 Results of concentration profiles from Fluent UDF with TDMA method, a C compiler 
with TDMA method and Python code with center-difference method for particle phase. The blue 
dot denotes TDMA method in Fluent UDF; green line shows TDMA method in C language; red 
line indicates center-difference method in Python. 
6.6.2. Results with complete adsorption equation 
With confidence of Fluent UDF implementation, the complete set of equations were tested.  
From Figure 6.9 (a), a good agreement between two methods at 20 second of simulation 
was observed. After 20 seconds, a small difference in response was found. It may due to the outlet 
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boundary condition implementation difference in Python code and Fluent. In Python code, the 
outlet was given as no flux boundary condition. In Python code, the concentration of last two nodes 
in continuous phase transport equation were set as equal for imposing the no flux condition. While, 
in Fluent, no detailed information can be obtained on the implementation of the no flux boundary 
condition. Same conclusion can be drawn from Figure 9(b). Concentration at outlet from Python 
code a slightly higher than Fluent results. 
 
Figure 6.9 (a) comparison between Fluent UDF and Python code. The dash line shows value from 
Python. The solid line shows value from Fluent UDF. (b) the breakthrough curve from Fluent UDF 
and Python. 
6.7. Conclusion 
In this chapter, an adsorption model for ion-exchange process was developed. The detail 
of mathematics has been discussed. With numerical method, we have successfully implement the 
adsorption model in both Python and Fluent via UDF. For discretization, the Python code adopted 
center-difference method for particle phase while Fluent UDF adopted TDMA method in C 
language. The particle diffusion model was first tested with two methods and a good agreement 
was found. Later, the full coupled equation was studied and the results from two methods match 
very well with each other. A slight difference in full adsorption model has been found after 
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concentration front reached the outlet. The reason for disagreement may due to different 
implementation method for no flux outlet boundary. 
For future work, the adsorption model will be tested on full 3D ion-exchanger geometry. 
The goal to develop a comprehensive CFD model to capture adsorption kinetics and be able to 
predict and achieve optimization for ion-exchange processes.  
6.8. References 
Bautista, L. F., Martínez, M., & Aracil, J. (2003). Adsorption of α-amylase in a fixed bed: 
Operating efficiency and kinetic modeling. AIChE Journal, 49(10), 2631-2641. 
doi:10.1002/aic.690491016 
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Chapter 7. CFD Investigation on Oil-Water Separator with Impeller 
Agitation System 
7.1. Introduction 
The objective of this work is to explore the innovative ideas and designs on the different 
chemical equipment with the help from CFD. With more understanding of the flow field inside 
equipment, CFD will help to optimize the design by parametric study. 
CFD investigation has been conducted for Oil-water coalescer project. In petroleum 
industry, economical separation of oil and water has been a major issue. At the end stages oil-
producing field, Water may account for 98% of the extracted fluid. To improve separation 
efficiency, a novel gravity based dynamic oil-water coalescer has been proposed by Kishore Kar 
from DOW.  
Firstly, single-phase simulations have been performed and optimization study has been 
conducted with parametric study. The effect of rotation speed, twisting angle of impeller and draft 
tube diameter ratio have been discussed. From experimental tests, the new impeller proposed by 
CFD investigation shows improved performances over original design. 
For better computation efficiency, immerse boundary method with Fluent UDF has been 
successfully developed and implemented. A new Population balance model kernel has also been 
developed with mixture model in laminar flow. 
7.2. Background introduction 
Generally, there are three different phases for the crude oil production from oil reservoirs 
including primary, secondary, and enhanced recovery. In the process of primary recovery, artificial 
lift techniques, for example of pump, are needed to bring oil to the surface and drive it into wellbore 
depending on natural reservoir pressure or the gravity. Additionally, most oil nations, except the 
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oil rich and OPEC nations, involve the assistant of secondary recovery facilities to improve the 
productive life of the oil field. In this process, the secondary techniques may inject of steam or gas 
to force out oil and thrust into a production wellbore in order to recover twenty to forty percent of 
the original oil. After the first two facilities, most of the easy produced oil has been recovered from 
the oil fields. To enrich the percentage of recovery, the tertiary or enhanced oil recovery (EOR) 
techniques will be implemented so that up to thirty to sixty percent of original oil would be 
ultimately recovered in place. For instance, the main EOR techniques include the Thermal 
recovery, Gas Injection, and Aqueous Chemical injection that all have the drawbacks of high cost, 
unpredictability, and ineffectiveness. 
Regarding to obstacles for traditional recovery process, an improved technique, “Water-
flooding”, is involved to reduce the disadvantage of high cost and ineffectiveness. This method 
involves the use of the aqueous surfactant that would be applied to a reservoir, resulting in much 
higher portion of oil recovery in the reservoir. Compared with other secondary and tertiary 
methods, “water-flooding” expends much lower capital costs for the surface facilities to inject and 
produce water. Moreover, there are also lower operating costs for water-flooding method than the 
other EOR methods since the choice of water, such as fresh water, offshore water, and aquifer 
water, is based on the production well location and economics. So the consumption of produced 
water is a key factor in the oil and gas recovery process. 
Recently, experts increase researches on how to reduce the produced water that is assumed 
to be the largest volume waste stream from oil producers. In general, the produced water is used 
for disposal or water flooding for the purpose of increasing the recovery percent of oil. Oil 
producers may handle the produced water at the surface then rejected it back to the formation. In 
light of this, it is necessary to study new techniques to enhance the removal of oil and other 
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materials from the water so that there would be less possibility of formation plugging and surface 
water contamination. In accordance with CONOMA 20/86 (1986), different countries have 
different legislations on the maximum level of oil and solids concentration in the effluent. It is not 
allowed the discharge of oily wastewater exceed an oil and grease content of twenty ppm. For 
offshore platforms, it is possible to release produced water directly to the ocean; however, the 
allowance spread phase concentration of oil and grease should be under a specified value according 
to mandatory rules in EPA regulation. For example, it is only allowed to be lower than 29 ppm in 
the Mexico Gulf. 
Besides, there are challenges for the petroleum industry in the oil recovery process. The 
first challenge is that it is difficult to separate oil and water since almost all crude oil produced up 
to now is made up of oil and water. Mostly, the water would be a significant component in the 
composition of crude oil. Moreover, it is quite difficult to segregate oil and water if the base fluid 
is a surfactant-laden emulsion and oil exists as micron-sized droplets hung in the water. An average 
of 250 mg/L of oil may remain in the produced water. However, if the diameter of droplets are too 
small, such as 10 um or less, it is so hard for CPI oil and water separator to work well. Additionally, 
the second challenge is from the economic aspect. It is not uncommon to find that the volume of 
water produced might be ten times as the volume of hydrocarbon produced during the economic 
life of oil producing. At the end of production, the extracted fluid may contain as high as 98 percent 
of produced water. Compared with the average worldwide water cut at 75 percent, the average 
water operating expense in the oil industry is 0.50 dollar per barrel of water amounting to a total 
of 40-50 billion dollars. Therefore, this situation results in significant lost of the oil revenue that 
needs new technologies to improve the trap of oil from water.  
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The velocities of oil droplets rising from water are depending on the diameter and density. 
According to Stoke’s law, a 20-micron diameter and a 0.88 density oil droplet will rise at a velocity 
of 1 centimeter in 6 minutes. Coalescing of the smaller oil droplets together composes larger and 
more buoyant droplets that increase the speed of rising in water. The inclined plated within the 
separation chamber may be applied to combine small droplets in the coalescing oil-water separator 
and encounter those combined droplets to a fixed surface. Another method is to use a filter that is 
made of fine oleophilic fibers, for example of polypropylene. When the flow disperses, the fine oil 
droplets will attach to the fibers and get larger until collected enough rising to the surface. 
Moreover, the application of dispersion is introduced in the process of system inlet. The water 
turbulence is tranquil within the inlet chamber behind the first baffle. When the flow is dispersed 
from the first baffle to the middle, oil droplets would rise to the surface and separate to the second 
baffle. Then the remaining water passes the second baffle and goes to the outlet chamber, which 
is assumed as a discharge point. At the end, producers can collect solid sledges at the bottom of 
inlet chamber and oil at the top of water in the separated chamber can be routed into another 
holding tank. 
7.3. Current techniques for oil-water separation 
This chapter will discuss the innovation of achievements and novel patent in the study of 
dynamically enhanced gravity separation process for organic aqueous phase separation. The main 
focus of literatures is on the separation process of oil and water. The existing and potential rival 
techniques will be discussed below. 
Traditionally, the industry of petroleum depends on the conventional gravity involved 
based bulky vessels that are heavy and expensive for the purpose of dividing multiphase flows. 
The high costs for platforms exist because of the difficulty of accommodating those huge facilities 
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for separation of oil and water. So it is reasonable for researchers to study the new developments 
of compact separatism facilities.  
7.3.1. Liquid-liquid hydro cyclones (LLHC) 
The innovation of Liquid-liquid Hydro Cyclones (LLHC) makes the removal of dispersed 
oil from water much economically and effectively. As is shown in Figure 7.1, the simple design 
of LLHC has a plenty of benefits, for example of easy installment and operation with low 
maintenance cost. The LLHC makes use of the centrifugal force to part the disseminated phase 
from the continuous fluid. The tangential injection of pressurized fluid forces the swirling motion 
into the body of hydro cyclone. The heavier phase would be free from the lighter phase and drift 
towards the wall. Under force of the conical down corner, the LLHC works subjected to a spiral 
accelerating towards the underflow outlet. Then the pressure near the wall is very high and that 
toward the centerline is very low with the high speed of swirling at the inlet. As a result, the 
downstream pressure at the core end is much greater than the upstream one since the pressure 
gradient across the diameter decreases with downstream location that would result in a reversal of 
flow.  The reverse flow separates the lighter phase into the overflow outlet called “vortex finder in 
the tapered section. 
 
 Figure 7.1: A typical LLHC device. Photo taken from Toshiba.com.  
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A recent developed new technique, down-hole oil-water separator (DOWS), highly reduces 
the cost of handling produced water. This method divides oil and water at the bottom of the well 
and re-injects part of water into another formation. Different from the traditional techniques, 
DOWS avoids the step of pumping produced water into the surface so that the cost reduced 
significantly. Another benefit of DOWS is that it minimizes the risk of drinking water 
contamination because of the deduction amount of water injected from the surface. A LLHC unit 
will be assembled into the production tubing of DOWS in order to separate oil and water. However, 
it is required enough knowledge of reservoir and historical production before installing DOWS to 
generate the cost benefit.  There are several necessary characteristics of oil wells that will work 
well with DOWS, for example of a relative high water-to-oil ratio, an isolated injection zone from 
the production zone, harmonious water chemistry for both producing and injection zone, and an 
appropriate constructed mechanical integrity of the well. The DOWS facilities have been 
introduced in industry since early 1990s and works well with both economic and environmental 
advantages. However, only a few operators choose to use this type of technique because of the 
complicated design, misapplication, and the reliability issues.  
7.3.2. API gravity Separation system 
The American Petroleum Institute’s (API) involves a traditional oil-water separation system 
(OWS) depending on the gravity principle. This method is still widely applied in the world of oil 
recovery. OWS applies a huge rectangular tank where the effluent flow is in a low speed so that 
the laminar flow predominates. Then the oil droplet will rise towards the surface until it is creamed 
off.  Another type of gravity-based techniques from API is the parallel plate interceptor. With the 
help of plates added in this interceptor, the formation of large oil will be accelerated at the surface 
with the benefit of enhanced effectiveness for separating of oil and water and decreasing the size 
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of working operator. The commercial application of the API started in 1937 by Siemens. After 
seventy years later, the API oil-water separator in Siemens has been the industry benchmark 
nowadays with the developments of thousands of installments. Figure 7.2 shows a typical 
Hydrocyclone-type system. 
 
 
Figure 7.2: Hydrocyclone-type system; Source: Baker Hughes Inc. website. 
7.3.3. Offshore oil-water separation 
In the offshore petroleum platforms, the hydro-cyclones have been widely implemented 
for the purpose of separating oil and other residue from the produced water in many years. It is 
reasonably assumed to be safe and clean enough to discharge remaining produced water into the 
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sea and transport the oil to refinery. As is shown in Figure 7.3, the simple design of hydro cyclones 
allows the flexibility of the order of separation, such as separating oil from water or separating 
water from oil. In light of this, the latter developments in hydro cyclones involve the use of pre-
separation hydro cyclones because the outlet streams are usually aimed towards de-watering and 
de-oiling hydro cyclones. However, there are critical limits for the design of equipment since the 
space and weight of offshore platforms are limited. Therefore, it is necessary to further improve 
the efficiency of hydro-cyclone operation to let the outlet oil stream have minimum water and let 
the outlet water stream have minimum oil.  With the development of hydro cyclones, the design 
becomes more and more complexity so that the grown vessels will be used to handle the operation 
of equipment with additional lines to separate liquid constituents.  
 
Figure 7.3: Illustration of an API Gravity Separation System; Source: Milton Beychok from 
Wikipedia. 
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7.4. KDS concept and experimental setup for oil-water separation 
In order to improve separation efficiency for simple gravity separators, Kishore Kar from 
DOW Company came up with a dynamic separator (KDS) that reply on gravity (buoyancy) 
separation. The device consists of one or several cylindrical columns with each comprising a short 
centrally-located draft-tube and a helical impeller which produce up-pumping flow inside the draft 
tube. Thus a flow circulation will be generated inside the equipment. A batch KDS equipment is 
shown in Figure 7.4. The system consists of an impeller, a draft tube and the container.  By creating 
circulation inside the container, oil-water separation will be enhanced. Oil will be collected from 
the upper zone of the container.  
With multiple columns similar with the batch system in Figure 7.4, continuous separation 
is designed and manufactured. Figure 7.5 listed the equipment that has been used in one continues 
system.The separation efficiency can be improved with multiple stages of oil-water separator.  
 
 
Figure 7.4: Illustration of the novel batch oil-water coalescer. Source: DOW Chemical Company. 
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Figure 7.5 Continuous Immiscible Fluid Separator Diagram. Source: DOW Chemical Company. 
There are several terminologies used in oil-water separation system. Figure 1.6 shows the 
Incoming oil-water emulsion flow rate listed as?̇?𝑖𝑛𝑙𝑒𝑡 and the oil fraction is named with ?̇?𝑜𝑖𝑙−𝑖𝑛𝑙𝑒𝑡.  
For qualification of separations efficiency, two terms are discussed below. 
“Split ratio” is defined as the percentage of ?̇?𝑜𝑖𝑙−𝑜𝑣𝑒𝑟𝑓𝑙𝑜𝑤 in ?̇?𝑖𝑛𝑙𝑒𝑡. It measures the flow 
rate of extraction compare with input to the system. It comes from operation standpoint. 
F =
?̇?𝑜𝑣𝑒𝑟𝑓𝑙𝑜𝑤
?̇?𝑖𝑛𝑙𝑒𝑡
× 100%         (7.1) 
Since “split ratio” contains no information of the quality of oil water separation, “oil  
Separation efficiency” is invented as 
η =
?̇?𝑜𝑖𝑙−𝑜𝑣𝑒𝑟𝑓𝑙𝑜𝑤
?̇?𝑜𝑖𝑙−𝑖𝑛𝑙𝑒𝑡
× 100%        (7.2) 
Oil separation efficiency can also be expressed as  
η =
?̇?𝑜𝑖𝑙−?̇?𝑜𝑖𝑙−𝑢𝑛𝑑𝑒𝑟𝑓𝑙𝑜𝑤
?̇?𝑜𝑖𝑙−𝑖𝑛𝑙𝑒𝑡
× 100%        (7.3) 
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The two efficiency terms should be combined in estimating the overall equipment 
efficiency. Figure 7.6 shows the related terminology with the oil-water separator. 
 
Figure 7.6 Oil-water separation system with associated terminology. Source: DOW Chemical 
Company. 
7.5. Single phase CFD investigation of a batch oil-water coalescer  
For flow dynamics, realizable k-ε turbulence model has been adopted and the details are 
already described in chapter 3.3.1 
7.5.2. Sliding mesh method for simulation of rotating impeller 
In this project, the internal flow circulation is generated by impeller in the center of draft 
tube, and thus it is very important to capture the physics of impeller rotation. Currently, there are 
several methods to simulation the motion of rotating impeller, e.g., SRF (Single Reference Frame) 
approach, MRF (Multiple Reference Frame) approach, sliding mesh method and dynamic mesh 
method. 
For single or multiple reference approach, moving reference frames are introduced and in 
such reference frame, the flow around the moving part is modeled as a steady-state solution. The 
flow in moving zones is solved by moving reference frame equations and a local reference frame 
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transformation has been conducted at the interface between cell zones. The moving reference 
frame approach is under the assumption that the moving zone does not has relative motion with 
respect to the stationary zones. Since it is a steady state approximation, MRF method is also 
referred as “frozen rotor approach”.  For this project, since the helical shape of impeller is creating 
a periodic upward flow(1Hz), a steady state approximation should not be appropriate to capture 
the physics.  
Dynamics meshing method is based on updating the meshes in fluid domain according to 
the motion of the moving part. One of its benefit is the topological relationship between previous 
and current mesh nodes were retained to ensure a good precision and time coherency. However, 
the updating the mesh every several fluid time step is computational expensive and thus not 
applicable in this project. 
Sliding mesh method has been adopted in this study since it offers both accuracy and 
computation efficiency. In sliding mesh method, the relative motions of stationary and moving 
parts can be captured. As is shown is Figure 7.8, with the sliding mesh method, the container is 
divided into two regions: the impeller region in the center(green) and the stationary region(brown) 
for the rest of the container. The mesh grid inside the impeller region rotates with the impeller. 
The two grid slide past each other with cylindrical interface. Thus, the grid faces may not need to 
be aligned at the interface and a new method is needed for the computation of flux across interface. 
For example, in Figure 7.8(b), the interface is consisting of face AB, BC on one side and 
face DE, EF on the other side. Because of intersection, segment faces such as ad, db and be are 
created. In these faces, db, be and ec are considered as inner faces. For flux across the interface in 
mesh cell IV, face DE is not used in calculation, instead, faces db and be are considered and the 
information is gathered. 
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Figure 7.8 Illustrations of sliding mesh method. (a)The sliding zones in the center with green color. 
(b) Illustration of sliding interfaces.  
7.5.3. CFD setup 
Based on single phase flow, CFD simulations have been performed seeking optimization 
of the current design. Figure 7.9 shows the geometry dimensions and some operating conditions. 
The impeller is rotating at 60 Revolutions Per Minute (RPM) and the impeller is a 0.85 inch by 
1.5-inch sheet metal that is twisted at 180 degrees. The draft tube is designed in such a way that 
its diameter is 0.71 of container outer diameter. That is for the consideration to have a same cross-
section area inside and outside of draft tube. 
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Figure 7.9 Batch oil-water coalescer dimensions and operating condition. 
With literature reviews on oil-water coalesce [24-28] and oil droplet breakup process [29-35], 
for single phase flow optimization several design goals have been purposed. 
With same rotation speed, more container level circulation (global circulation) is preferred. 
In the meantime, less local circulation is desired. More global circulation may increase the 
probability for droplets to interact and coalesce. 
With the designs goals, several improvement designs have been purposed in Figure 7.10. 
 
Figure 7.10 Illustrations of several possible improvement designs on the existing batch system. 
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CFD Parametric study has been performed. The independent variables are rotating speed 
(varying with 0.5, 1, and 1.5 Revolution Per Second), impeller twisting angle (180 and 360 degree) 
and draft tube diameter ratio to outer container (0.5, 0.6, 0.71). For the existing design, the 
variables are 1 RPS for the rotation, 180 degrees for twisting angle and 0.71 for draft tube diameter. 
A total of 18 simulations case have been conducted with K-εpsilon realizable model for turbulent 
flow. The rotation of impeller is simulated with sliding mesh. 
7.5.4. Mesh independence study 
The torque generated by the impeller has been calculated in FLUENT and time averaged 
torque generated by different mesh density has been listed in Table 7.1. The mesh with 740 
thousand mesh elements has been adopted. 
Table 7.1 Torque calculated from different mesh densities 
Mesh elements torque(N*m) % variation 
1.1 million 4.38E-06 0 
0.74 million 4.33E-06 1.3% 
0.46 million 4.49E-06 3.8% 
0.28 million 4.31E-06 4.0% 
 
7.5.5. Flow number Reynold’s number and power number in stirred tank 
In stirred tank system, the dimensionless number such as Reynold’s number, power number 
and flow number has been well studied. In this project, although the aim is to enhance separation 
rather than mixing, these dimensionless numbers are important for reference purposes. 
Reynold’s number measured the ratio of inertia force to viscous force. In the stirred tank 
system, Impeller Reynold’s number defined as  
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𝑅𝑒 =
𝑁𝑑2𝜌
𝜇
          (7.10) 
Where N is the rotation speed measured as revolution per second, d is the diameter of 
impeller, ρ is the density of fluid and μ is the viscosity of fluid.  
With the information about rotation, impeller diameter and fluid property, impeller Re can 
be obtained easily. With water, the impeller Re was calculated as 466.  
Generally, electrical power drives impeller motions in mixing tanks. With certain rotation 
speed, the power that is needed relies on the resistance from fluid to rotating impeller. The power 
number is defined as  
𝑁𝑝 =
𝑃
𝜌𝑁3𝑑5
          (7.11) 
Where P is the power input and it equals the impeller torque times rotation speed. 
The torque on impeller was reported from FLUENT by calculated the total moment around 
the impeller surfaces. 
Pumping capacity is the measure of fluid discharged by a rotating impeller. This flow is 
directly generated by the impeller with both primary flow and induced flow. In order to quantify 
the flow generation ability of impeller, the flow number is defined as  
𝑁𝑄 =
𝑄
𝑁𝑑3
          (7.12) 
Where Q is the flow generated by the impeller(m3/s) 
In our simulation, since the flow generated by the impeller is circulating within the 
container, the flow generated by the impeller can be measured by flow in outer ring section 
between draft tube and container. A middle cut-plane was created and Q was calculated by area 
integration of vertical velocity in the ring section. 
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Figure 7.11(a) shows the details of power number and flow number calculation. Figure (b) 
shows results from experiments. From the results (Re=466 and Np=5.9), it is on the same order of 
magnitude when compared with similar helical ribbon impeller. 
 
Figure 7.11 Details with calculation of dimensionless numbers. 
7.5.7. Discussion on global circulation rate 
The flow rate outside of draft tube for the region shown in Figure 1.10(b) has been plotted 
vs rotation speed with Figure 7.12. 
 
Figure 7.12 (a) Average vertical velocity in the designated region (b) flow rate in vertical direction 
in the designated region. 
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Decreasing draft tube diameter ratio leads to reduction in vertical velocity outside of draft 
tube. And compared with original design, the flow rate has been increased. In Figure 7.13, Vertical 
velocity plot for the original design with 0.71 draft tube diameter and one with draft tube diameter 
ratio as 0.5 has been shown. It is clear that there is some local circulation inside draft tube for the 
case of 0.71. It is may reduce the overall efficiency for this type of local circulation. For the case 
of diameter ratio of 0.5, the draft tube is close to impeller and may leave no extra space for 
circulation to take place. 
Overall, the recommended configurations are 0.5 and 0.6 for draft tube diameter ratio and 
doubled twisting angle. 
 
Figure 7.13. Vertical velocity plot for (a) the original design with 0.71 draft tube diameter 
(b) draft tube diameter ratio as 0.5 Doubling the twisting angle will increase both vertical velocity 
and flow rate outside of draft tube.  
7.5.8. Experiments with improved impeller  
With the design optimization from CFD results, we have tested the new impeller with 3D 
printing. The details have been shown in Figure 7.14. 
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Figure 7.14 Details of experimental tests with new impeller. (a) The original impeller and the new 
impeller. Both are 3D printed. (b) Details about the impeller rotation speed and twisting angle. 
As is shown in Figure 7.14, three tests have been conducted. The first test is with original 
design proposed by DOW with impeller rotating at 1 revolution per second. The second test is 
about oil water separation test with gravity only. The third test is with improved impeller design 
at 1/6 revolution per second speed.   
1% K4M solution was first diluted 12.5 times for 800PPM solution for experiment. Later, 
pale oil 150 ml and 400 ml K4M solution has been added into beaker for mixing. Oil emulsion 
has been prepared with homogenizer set at lv 3 rotation speed for 3 minutes mixing time for each 
case.For separation results, photos have been taken every 1 minute till 15 min mark. 
Figure 7.15 shows the result for three tests are 5 minutes of separation. There is not much 
segregation difference from test 1 and test 2. Test 3 with new impeller design shows some 
improvement in separation.   
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Figure 7.15 Photos of oil water separation for three different tests at 5 minutes. 
Three element impeller with lower rotation speed shows improvement in oil-water 
separation efficiency. Since the impeller is stirring the fluid, the dynamic system may only be more 
effective at early stage. From the experiment, the degree of separation of test 2 catches up at after 
5 minutes.  
In general, the new proposed impeller shows better separation performance than original 
design. In addition, for best separation efficiency, the rotation may need to stop when the oil-water 
interface reaches draft tube. 
7.6. Immerse boundary method model development and implementation 
As mentioned in the last section, one challenging part in the numerical simulation of 
moving object in fluid flow is the generation of a grid around the object being modeled. The mesh 
need to be properly handled with a large amount of time-consuming user interaction. It may be 
computationally expensive and the accuracy of simulation is undermined by the assumptions. 
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The term “immerse boundary method” was first used in simulating cardiac mechanics and 
associated blood flow. The unique feature of this method is that the entire simulation is based on 
a Cartesian grid that did not change for simulation moving objects. It greatly simplifies the problem 
in terms of meshing. In the immerse boundary method, the Navier-Stokes equation is solved on a 
Cartesian grid without the need to generate a body-fitted mesh. The influence of the objects is 
simulated by the addition forcing as source term to Navier-Stokes equation. As a result, the local 
flow profile in the fluid domain would match the same boundary condition of the moving object. 
In this project, the immerse boundary method was developed as user-defined 
functions(UDF) in FLUENT. Since the impeller is in helical shape, our first goal is to obtain the 
analytical expression of the geometry.  
7.6.1. Impeller surface mathematical representation 
The impeller is used as a source to create upward flow inside container. Its helical shape is 
similar to a twisted rectangular plane with 180 degrees. The dimension of the impeller is 76.2mm 
in height and 10.8 mm in radius. In addition, the impeller is rotating at 1 Hertz. The analytical 
expression has been shown below in equation below. Both X and Y can be derived as a function 
of time, height and radius. The mathematical representation was passed into FLUENT UDFs for 
immerse boundary implementation. Figure 7.16 shows the details of the Matlab generated 3D 
impeller surface. 
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Figure 7.16 Illustration of impeller surface generated in Matlab. 
𝑋(𝑡, ℎ, 𝑟) = cos [2𝜋 (𝑓𝑡 +
ℎ
𝐻
)] r       (7.13) 
𝑌(𝑡, ℎ, 𝑟) = −sin [2𝜋 (𝑓𝑡 +
ℎ
𝐻
)] r       (7.14) 
where  
−𝑅 < 𝑟 < 𝑅          (7.15) 
0 < ℎ < 0.5𝐻          (7.16) 
The constants are listed as = 76.2𝑚𝑚 , 𝑓 = 1𝐻𝑧 and 𝑅 = 10.8 𝑚𝑚 
7.6.2. Fluent UDF development of immerse boundary method 
A user-defined function, or UDF, is a function that can be programed to be dynamically 
loaded with the FLUENT solver to enhance the standard features of the code. FLUENT UDFs are 
written in the C programming language. DEFINE macros are supplied by Fluent Inc which can be 
used to access data from the FLUENT solver. Figure 7.17 shows the Fluent solution procedure for 
segregated solver. 
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Figure 7.17 Fluent solution procedure for segregated solver. 
In this project, immerse boundary method has been implemented with FLUENT UDFs. 
The process is consisting of several steps: firstly, the mesh cell location that contains the geometry 
of impeller is marked and its solid volume fraction is later calculated respectively. From mesh 
information of impeller solid fraction and its location, the corresponding impeller velocity can be 
calculated and later a source term is applied to the marked mesh cell. The source term is applied 
to the momentum equations to impose the impeller velocity on marked cells.  
With the analytical mathematical representation, function “getSolidFraction” was created 
in UDF to mark the locations of impeller in fluid domain. As is shown in Figure 7.18, inputs are 
x, y, z as Cartesian coordinates from FLUENT and time as simulation time. The coordinates are 
transformed into xprime, yprime and zprime similar to un-twisting of the impeller plane. With the 
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information of impeller thickness and height, the coordinates that reflect impeller location can be 
marked.  
 
Figure 7.18 Impeller geometry implementation in Fluent UDF. 
After creating “getSolidFraction” function, volume of solid for each mesh cell can be 
calculated by passing all coordinates of nodes, face centers, and cell centers into “getSolidFraction” 
function. Since each hex mesh cell contains one cell center, 6 face centers and 8 nodes, a weighting 
function has been created to determine the cell solid volume fraction. For example, one cell center 
weight as 20/40, one node weight as 1/40 and one face center weight as 2/40. With such weighting 
method, the overall solid fraction per mesh cell can be calculated and stored in User Defined 
Memory.  
In FLUENT UDF, the define adjust function has been adopted. As is shown in Figure 7.19, 
define adjust macro execute every iteration in FLUENT solver. In this case, the cell solid volume 
fraction function loops and checks all the mesh cells in fluid domain.  
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Figure 7.19 Illustration of impeller volume fraction implementation in Fluent UDF. 
After calculated the solid volume fraction for each mesh cell, FLUENT UDF macro 
DEFINE SOURCE has been adopted on three momentum equations. Based on the difference of 
current mesh velocity and impeller prescribed velocity, a large forcing term (15000) has been 
applied. In such way, the fluid velocity at impeller location was accelerated or decelerated based 
on impeller velocity. Figure 7.20 shows the details of source term implementation in Fluent UDF. 
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Figure 7.20 Source code on momentum equation in Fluent UDF. 
7.6.3. Results: IBM vs sliding mesh method 
In order to test the performance of our code, with same conditions, the results from IBM 
and sliding mesh have been compared and discussed.  As is shown in Figure 7.21, the vertical 
velocity plot as well as the velocity magnitude plot shows IBM is very close to sliding mesh results. 
From the circulation flow rate calculation, there is about 10% difference. 
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Figure 7.21 Comparison between IBM method and sliding meshing method. 
7.7. Multiphase CFD investigation of a batch oil-water coalescer  
7.7.1. Multiphase model and PBM model 
For multiphase simulation, mixture model has been adopted. Under the assumption of local 
equilibrium in a short spatial distance, the mixture model is a simplified model where the phases 
move with different phase velocities. The mixture model solves momentum, continuity and energy 
equation for phase mixture, the phase fraction and relative velocity equations. The mixture model 
is less computation demanding than Two Fluid Model since it uses a single fluid approach in 
solving Navier-Stokes equations. 
The mixture continuity equation is  
𝜕
𝜕𝑡
(𝜌𝑚) + 𝛻 ∙ (𝜌𝑚?̅?𝑚) = 0        (7.17) 
Where ?̅?𝑚 is the mass-average velocity and 𝜌𝑚 is the volume fraction of phase k 
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?̅?𝑚 =
𝛼𝑘𝜌𝑘?̅?𝑘
𝜌𝑚
          (7.18) 
𝜌𝑚 = ∑ 𝛼𝑘𝜌𝑘
𝑛
𝑘=1          (7.19) 
The momentum equation for the mixture model is  
𝜕
𝜕𝑡
(𝜌𝑚?̅?𝑚) +  𝛻 ∙ (𝜌𝑚?̅?𝑚?̅?𝑚)
= −𝛻𝑝 + 𝛻 ∙ [𝜇𝑚(𝛻?̅?𝑚 + 𝛻?̅?𝑚
𝑇)] + 𝜌𝑚?̅? + ?̅? + 𝛻 ∙ (∑ 𝛼𝑘𝜌𝑘?̅?𝑑𝑟,𝑘?̅?𝑑𝑟,𝑘)
𝑛
𝑘=1
 
           (7.20) 
Where n the number of phases, ?̅? is the body force , ?̅?𝑑𝑟,𝑘 is the drift velocity for second 
phase k and  𝜇𝑚 is the mixture viscosity. 
𝜇𝑚 = ∑ 𝛼𝑘𝜇𝑘
𝑛
𝑘=1          (7.21) 
?̅?𝑑𝑟,𝑘 = ?̅?𝑘 − ?̅?𝑚         (7.22) 
The relative velocity is defined as the velocity difference between primary phase and 
secondary phase 
?̅?𝑝𝑞 = ?̅?𝑝 − ?̅?𝑞          (7.23) 
The mass fraction each phase is defined as  
𝑐𝑘 =
𝛼𝑘𝜌𝑘
𝜌𝑚
          (7.24) 
The relationship between drift velocity and relative velocity is listed as 
?̅?𝑑𝑟,𝑘 = ?̅?𝑝𝑞 − ∑ 𝑐𝑘?̅?𝑞𝑘
𝑛
𝑘=1         (7.25) 
In mixture model, algebraic slip formulation was adopted with the assumption of local 
equilibrium between phases. 
The relative velocity can be calculated as  
?̅?𝑝𝑞 =
𝜏𝑝
𝑓𝑑𝑟𝑎𝑔
(𝜌𝑝−𝜌𝑚)
𝜌𝑝
a̅         (7.26) 
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Where 𝜏𝑝 is the particle relaxation time with the formation of  
𝜏𝑝 =
𝜌𝑝𝑑𝑝
2
18𝜇𝑞
          (7.27) 
And d is the diameter of the particle of secondary phase with  a̅ is particle acceleration 
from the secondary phase with the form of  
a̅ = ?̅? − (?̅?𝑚 ∙ 𝛻)?̅?𝑚 −
𝜕?̅?𝑚
𝜕𝑡
        (7.28) 
And 𝑓𝑑𝑟𝑎𝑔 is the drag function with the default Schiller-Naumann formation. 
7.7.2. Population balance model with discrete method 
The population balance model offers a solution for modeling particle or droplet size 
evolution in multiphase phase system. The evolutionary processes can due to different phenomena 
such as aggregation, breakage, nucleation and growth.  Since a balance equation is need to taking 
account of the particle population, the set of balance equations are referred as population balance 
equation. 
In this study, the discrete method was adopted in solving population balance equation with 
discrete size classes or bins. The advantages of discrete method include robustness in solving PBM 
equations and easy to obtain particle density distribution. In Fluent, the Population Balance 
Equation are listed as a transport equation with different source term accounting for particle size 
changes 
𝜕
𝜕𝑡
[𝑛(𝑉, 𝑡)] + ∇ ∙ [?⃗⃗?𝑛(𝑉, 𝑡)] + ∇𝑉 ∙ [𝐺𝑉𝑛(𝑉, 𝑡)] =
1
2
∫ 𝑎(𝑉 − 𝑉′
𝑉
0
, 𝑉′)𝑛(𝑉 −
𝑉′, 𝑉′)𝑛(𝑉′, 𝑡)𝑑𝑉′ − ∫ 𝑎(𝑉 − 𝑉′
∞
0
, 𝑉′)𝑛(𝑉 − 𝑉′, 𝑉′)𝑛(𝑉′, 𝑡)𝑑𝑉′ +
∫ 𝑝𝑔(
𝛺𝑣
𝑉′)𝛽(𝑉|𝑉′)𝑛(𝑉′, 𝑡)𝑑𝑉′ − 𝑔(𝑉)𝑛(𝑉, 𝑡)      (7.29) 
Where n(V,t) is the number density function 
In discrete form, the population balance model may be reorganized as 
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𝜕
𝜕𝑡
(𝜌𝑠𝛼𝑖) + 𝛻 ∙ (𝜌𝑠𝑢𝑖𝛼𝑖) +
𝜕
𝜕𝑉
(
𝐺𝑣𝜌𝑠𝛼𝑖
𝑉
) = 𝜌𝑠𝑉𝑖(𝐵𝑎𝑔,𝑖 − 𝐷𝑎𝑔,𝑖 + 𝐵𝑏𝑟,𝑖 − 𝐷𝑏𝑟,𝑖) + 0
𝑖𝜌𝑠𝑉0?̇?0 
            (7.30) 
Where 𝜌𝑠  is the secondary phase density and 𝛼𝑖  is the volume fraction of particle size 
group 
𝛼𝑖 = 𝑁𝑖𝑉𝑖          (7.31) 
𝑁𝑖(𝑡) = ∫ 𝑛(𝑉, 𝑡)𝑑𝑉
𝑉𝑖+1
𝑉𝑖
        (7.32) 
And Vi is the volume of the particle size i. 
𝐵𝑎𝑔,𝑖and 𝐷𝑎𝑔,𝑖are the particle birth rate and death rate by aggregation. 
 𝐵𝑏𝑟,𝑖and 𝐷𝑏𝑟,𝑖are the particle birth rate and death rate by breakage 
When coupled with mixture model, the mixture model passes information about secondary 
phase volume fraction α, dissipation ε and velocity into PBM equations as input and PBM returns 
with saunter mean diameter back into mixture model.  
Coalescence is responsible for the evolution of droplet multiphase flow. Several theories 
have been proposed. According to film drainage theory, the coalescence process can be divided 
into three processes: (1) two bubbles collide, trapping some fluid between them (2) the bubbles 
keep in contact with each other and the liquid film drained out (3) the film ruptures and two bubbles 
merge into one. 
For droplet coalescence, Liao[27] has reviewed a variety of mechanisms that may occur in 
a turbulence flow including: 
 motion induced by turbulent fluctuations in the surrounding continuous phase;  
 motion induced by mean velocity gradients in the flow;  
 different bubble rise velocities induced by buoyancy or body forces;  
121 
 
 bubble capture in an eddy;  
 wake interactions or helical/zigzag trajectories. 
In PBM equations, 𝑎(𝑑1, 𝑑2)is the aggregation kernel with units of m
3/s and it is defined 
as a product of two quantities: 
 The collision frequency ℎ(𝑑1, 𝑑2) between two different size particles  
 The collision efficiency of aggression 𝜆(𝑑1, 𝑑2) 
In this study, Luo coalescence model has been adopted.  
For collision frequency in Luo’s model, turbulent random motion-induced collisions are 
the main mechanism. The collision frequency can be interpreted as the effective volume swept by 
the moving particle per unit time  
ℎ(𝑑1, 𝑑2) = 𝑆12𝑢𝑟𝑒𝑙         (7.33) 
where 𝑆12 is the cross-sectional area of particle collision and 𝑢𝑟𝑒𝑙 is the relative velocity of 
two moving particles. 
𝑆12 =
𝜋
4
(𝑑1 + 𝑑2)
2         (7.34) 
𝑢𝑟𝑒𝑙 = (𝑢𝑡1
2 + 𝑢𝑡2
2)1/2        (7.35) 
with 𝑢𝑡1 and 𝑢𝑡2 as eddy velocity for two colliding particles. 
By assuming isotropic turbulence, the eddy velocity can be obtained with 
𝑢𝑡 = 1.43(𝜀𝑑)
2/3         (7.36) 
As for Luo coalescence efficiency model, it adopts the film drainage theory has the 
mechanism.  
𝜆(𝑑1, 𝑑2) = exp (−
𝑡𝑑𝑟𝑎𝑖𝑛
𝑡𝑐𝑜𝑛𝑡𝑎𝑐𝑡
)        (7.37) 
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According to film drainage model, there are two time scales determine the efficiency of 
coalescence, i.e. the contact time and film drainage time. 
For Luo’s model, film drainage time 𝑡𝑑𝑟𝑎𝑖𝑛 is defined as 
𝑡𝑑𝑟𝑎𝑖𝑛 = 0.5
𝑢𝑟𝑒𝑙𝜌𝑐𝑑1
2
(1+
𝑑1
𝑑2
)2𝜎
         (7.38) 
Where 𝑢𝑟𝑒𝑙 is the approaching velocity for the two particles, 
𝑢𝑟𝑒𝑙 = 2.41
1/2𝜀1/3(𝑑1
2/3 + 𝑑2
2/3)1/2      (7.39) 
 𝜎 is the surface tension in unit of N/m, 𝜌𝑐 is the fluid density of continuous phase 
The contact time is defined as 
𝑡𝑐𝑜𝑛𝑡𝑎𝑐𝑡 = (1 + 𝜉12) (
(
𝜌𝑑
𝜌𝑐
+𝐶𝑉𝑀)𝜌𝑐𝑑1
3
3(1+𝜉12
2)(1+𝜉12
3)𝜎
)
2
      (7.40) 
Where 𝐶𝑉𝑀 is the added mass coefficient which is usually taken as constant with value 
between 0.5 and 0.8. 
𝜉12 =
𝑑1
𝑑2
⁄           (7.41) 
Weber number is defined as  
𝑊𝑒12 =
𝜌𝑐𝑑1𝑢𝑟𝑒𝑙
2
𝜎
         (7.42) 
Taking 𝐶𝑉𝑀 as 0.5 and the coalescence efficiency can be reorganized as  
𝜆(𝑑1, 𝑑2) = exp {−𝑐
[0.75(1+𝜉12
2)(1+𝜉12
3)]
1/2
(
𝜌𝑑
𝜌𝑐
+0.5)
1/2
(1+𝜉12
3)
𝑊𝑒12
1/2}    (7.43) 
7.7.3. PBM model development and implementation 
A custom PBM model with modified Luo coalesce model has been developed for coupling 
with laminar flow.  Since the impeller Reynold’s number is 466 in this study, it may not be 
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appropriate to adopted turbulence model for multiphase flow simulation.  From preliminary 
investigations, the result with different turbulence models shows significant inconsistency.  
Since currently all PBM model kernels were developed based on assumptions from 
turbulence models, a kernel that can be coupled with laminar flow is needed for low Reynold’s 
number flow. In this section, Luo coalesce model was modified to enable coupling with laminar 
flow in Fluent. 
In Luo coalesce kernel, information on turbulence dissipation from turbulence model was 
needed for calculation of the collision frequency.  The turbulence dissipation expression was 
modified with viscous dissipation as a solution for PBM model with laminar flow. 
In laminar flow, the dissipation function is defined as 
𝛷 = 𝜆(𝛻 ∙ 𝒖)2 + 2𝜇𝑫 ∙ 𝑫        (7.44) 
  𝜆 ≈ −
2
3
𝜇          (7.45) 
 D is the deformation tensor defined as 
𝑫 =
𝟏
𝟐
(𝛻𝒖 + 𝛻𝒖𝑇)         (7.46) 
In Fluent UDF, the dissipation function can be reorganized as  
 
𝛷 = 2𝜇 [(
𝜕𝑢
𝜕𝑥
)
2
+ (
𝜕𝑣
𝜕𝑦
)
2
+ (
𝜕𝑤
𝜕𝑧
)
2
] + 𝜇 [(
𝜕𝑣
𝜕𝑥
+
𝜕𝑢
𝜕𝑦
)
2
+ (
𝜕𝑤
𝜕𝑦
+
𝜕𝑣
𝜕𝑧
)
2
+ (
𝜕𝑢
𝜕𝑧
+
𝜕𝑤
𝜕𝑥
)
2
] −
                        
2𝜇
3
[(
𝜕𝑢
𝜕𝑥
) + (
𝜕𝑣
𝜕𝑦
) + (
𝜕𝑤
𝜕𝑧
)]
2
       (7.47) 
 
Thus in Fluent UDF, the collision frequency is  
 𝑜𝑚𝑒𝑔𝑎 = 𝑆12𝑢𝑟𝑒𝑙        (7.48) 
=   
𝜋
4
(𝑑1 + 𝑑2)
2(𝑢𝑡1
2 + 𝑢𝑡2
2)1/2 =
𝜋
4
(𝑑1 + 𝑑2)
2 [(1.43(𝛷𝑑1)
2/3)
2
+ (1.43(𝛷𝑑2)
2/3)
2
]
1/2
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For coherence efficiency, since there is no dissipation involved, the formula remains the 
same is equation in last section. 
The Macro DEFINE_PB_COALESCENCE_RATE has been adopted in Fluent UDF. The 
Marco returns coalescence rate to PBM solver. The details have been shown in Figure 7.22. 
 
Figure 7.22 Modification of Luo kernel in DEFINE_PB_COALESCENCE_RATE Macro. 
In this way, the modified Luo kernel was implemented into Fluent for PBM model which 
was solved together with mixture model in laminar flow. 
7.7.4. CFD simulation setup 
Mixture model with PBM model has been adopted in this study.  The modified coalesce 
kernel has been implemented. Only coalesce kernel has been enabled for PBM model. 
The primary phase fluid is set as water with 1cp as viscosity and 998.2 kg/m3 as density. 
The secondary phase is oil with 55 cp as viscosity and 900 kg/m3 as density.  
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For discrete method in PBM model, 8 bins have been defined with minimum bin diameter 
at 0.10 mm and maximum bin diameter at 1.83 mm. The diameters of bins are with exponential 
ratio of 1.8.  
For initialization, secondary volume fraction of 0.33 has been patch to entire domain with 
a homogenous droplet diameter at 0.10 mm. Thus, bin fraction 7 has been initialized as 1 on the 
fluid domain with other bins at 0. The details of bin diameters have been shown in Table 7.2. 
Table 7.2 Details of bin number diameter in PBM model. 
bin number diameter(mm) 
0 1.83 
1 1.21 
2 0.80 
3 0.53 
4 0.35 
5 0.23 
6 0.15 
7 0.10 
 
The geometry is this study is same with the one adopted in single phase. The impeller was 
set to rotating at 1 revolution per second with sliding mesh method.  
For all the cases, the SIMPLE (Semi-Implicit Method for Pressure-Linked Equations) 
scheme was used to couple the momentum and continuity equations. For spatial discretization, 
least-squares cell-based method was adopted for gradient; standard method was used for pressure 
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interpolation; second-order upwind was used for momentum, volume fraction and secondary phase 
bin equation.  
For case 3, the simulations were carried out with 40 processors on Supermike HPC located 
at Louisiana State University. The steady-state solutions of the N-S equations were obtained 
usually within 5000 iterations. Then the corresponding velocity field was supplied to the species 
transport equation, which adopted transient simulations. A typical time step used by the 
simulations was 0.005s.  The entire simulation took about 10 hours.  
7.7.5. Results and discussion 
The results for simulation of oil-water separation has been shown in Figure below. 
Figure 1 shows the contour plot for oil droplet diameter, vertical velocity and oil volume 
fraction at 2 second. In modified PBM coalesce kennel, the source for droplet to coalesce is viscous 
dissipation generated by the shear. In Figure 7.22(a), large bins of particle sizes around impeller 
can be observed. With a larger droplet diameter, the terminal rising velocity increases significantly. 
From Figure 7.22 (c), segregation of oil volume fraction can be observed. Since oil has less density 
than water, the velocity of oil concentrated region above impeller shows a positive vertical velocity 
as in shown in Figure 7.22 (b). 
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Figure 7.22 Contour plot for (a) oil phase diameter (b) vertical velocity(c) oil volume fraction at 2 
second. 
 
Figure 7.23 Contour plot for (a) oil phase diameter (b) vertical velocity(c) oil volume fraction at 4 
second. 
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Figure 7.24 Contour plot for (a) oil phase diameter (b) vertical velocity(c) oil volume fraction at 6 
second. 
 
Figure 7.23 and 7.24 shows at 4 and 6 second, the contour plot of oil phase diameter, 
vertical velocity and oil volume fraction. 
From Figure 7.23 (a) and 7.24 (a), the distribution of oil droplet diameter shifts from 1E-4 
meter to a higher number. As the impeller generated upward flow at the center of the container, a 
group of oil droplets with larger particles rises with the flow and reached top of container at 6 
second. In (c), the large diameter particle group were also shown to have higher volume fraction 
than surrounding fluid. Oil rich layer has been observed at the top of container. The velocity 
contour plot in (b) shows the velocity distribution inside the container.  
Figure 7.25 shows the oil volume fraction on the center axis in the vertical direction.  Since 
the total oil volume fraction is 0.33 in the system, the fluctuation of value is shown to be around 
0.33.  With the impeller rotating in the center, some degree of fluctuation of oil volume fraction 
may be caused by unsteady flow. At 2 second, only at locations near container top and bottom wall 
and impeller, the volume fraction was observed to be deviated from 0.33.  With more time, the 
volume fraction values at bottom wall approach 0 while those near top wall approach 1.  
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Figure 7.25 Oil volume fraction line plot center axis. 
Figure 7.26 shows the evolution of bin fractions at different times. 8 bins have been adopted 
in CFD simulation and their droplet diameter has been shown in the parentheses. The population 
of oil droplet evolve from 0.1mm uniformly to more than 50% of droplets with highest bin(1.83mm) 
within 6 second. Compared with experiment, the CFD model may over predict the coalesce process. 
In the future work, the coefficient in fluent UDF can be tuned to match with the experiment. 
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Figure 7.26 Illustration of bin fractions at different time 
7.8. Conclusion 
CFD investigation has been conducted for Oil-water coalescer project. In petroleum 
industry, economical separation of oil and water has been a major issue. At the end stages oil-
producing field, Water may account for 98% of the extracted fluid. To improve separation 
efficiency, a novel gravity based dynamic oil-water coalescer has been proposed by Kishore Kar 
from DOW.  
Single-phase simulations have been performed and optimization study has been conducted 
with parametric study. The effect of rotation speed, twisting angle of impeller and draft tube 
diameter ratio have been discussed. From experimental tests, the new impeller proposed by CFD 
investigation shows improved performances over original design. 
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For better computation efficiency, immerse boundary method with Fluent UDF has been 
successfully developed and implemented. A new Population balance model kernel has also been 
developed with mixture model in laminar flow. 
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Chapter 8. Conclusions and Outlook 
8.1. Summaries and key contributions 
In this work, we have demonstrated the capacity of CFD modeling in enabling process 
innovation of chemical industry. Especially for fractal distributor project, we have showed the 
process innovation roadmap from the fractal concept to designing and manufacturing the prototype 
novel ion-exchanger with fractal pack and finally to achieving optimization through CFD 
investigations. 
In the third chapter, the prototype ion-exchanger with fractal pack has been proposed and 
manufactured. From both experiments and CFD investigations, we have identified its superior 
performance when compared with conventional distributor. The mal-distribution zones in resin 
bed with conventional distributor were shown to be 4 times larger than those with fractal distributor. 
In addition, the fractal distributor also shown to have far less pressure drop than conventional 
distributor. 
In the fourth and fifth chapter, we focused on the design exploration and optimization of 
fractal distributor. We identified the most important parameters such as aspect ratio and cone shape 
affecting the overall ion-exchanger performance. A “deep but narrow” channel with expansion 
type of cone is preferred. The cause for preferential flow has also been analyzed. The wake 
formation at T junction was found to be responsible for preferential flow. An automation tool has 
also been developed in managing large scale parametric study. In the sixth chapter, an adsorption 
model was developed to capture the adsorption kinetics in ion-exchanger. 
For the project of oil-water separator, with CFD investigations, an improved design was 
proposed and proven to have better separation efficiency than original design. Several numerical 
models such as Immerse boundary method and modified coalesce kernel have been developed and 
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successful implemented in Fluent. The models offer as a great tool to understand fluid dynamics 
and phase separation process inside the device.  
8.2. Future work 
For fractal project, the path forward would be integrating adsorption model with turbulence 
model for prediction and optimization of ion-exchange processes. In addition, we are planning to 
build a more comprehensive automation tool. For example, an iterative loop system for 
optimization by proposing new set design points based on the feedback of previous results. 
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Appendix A Table of Data for Fractal Design 
casename 
volume_ 
ratio 
CV 
mal_ 
zoneratio 
pressure Mean_RT 
dimentionless 
_dispersion 
w1_h1_c1_f4 1.4E-01 9.2E-02 5.9E-02 2.4E+04 4.3E+00 1.4E-01 
w1_h1_c2_f4 3.3E-02 6.8E-02 2.3E-01 3.3E+04 3.5E+00 1.9E-01 
w1_h1_c3_f4 3.3E-02 6.8E-02 2.3E-01 3.3E+04 3.5E+00 1.9E-01 
w1_h2_c1_f4 1.4E-01 8.0E-02 5.9E-02 1.9E+04 4.3E+00 1.4E-01 
w1_h2_c2_f4 3.4E-02 6.7E-02 2.3E-01 2.8E+04 3.5E+00 1.9E-01 
w1_h2_c3_f4 3.4E-02 6.7E-02 2.3E-01 2.8E+04 3.5E+00 1.9E-01 
w1_h3_c1_f4 1.4E-01 7.6E-02 5.8E-02 1.6E+04 4.3E+00 1.4E-01 
w1_h3_c2_f4 3.6E-02 6.7E-02 2.3E-01 2.5E+04 3.5E+00 1.9E-01 
w1_h3_c3_f4 3.6E-02 6.7E-02 2.3E-01 2.5E+04 3.5E+00 1.9E-01 
w1_h4_c1_f4 1.5E-01 7.5E-02 5.8E-02 1.3E+04 4.3E+00 1.4E-01 
w1_h4_c2_f4 3.8E-02 6.7E-02 2.3E-01 2.3E+04 3.5E+00 1.9E-01 
w1_h4_c3_f4 3.8E-02 6.7E-02 2.3E-01 2.3E+04 3.5E+00 1.9E-01 
w1_h5_c1_f4 1.5E-01 7.2E-02 5.7E-02 1.2E+04 4.3E+00 1.4E-01 
w1_h5_c2_f4 4.0E-02 6.7E-02 2.3E-01 2.1E+04 3.5E+00 1.9E-01 
w1_h5_c3_f4 4.0E-02 6.7E-02 2.3E-01 2.1E+04 3.5E+00 1.9E-01 
w1_h6_c1_f4 1.5E-01 7.2E-02 5.7E-02 1.1E+04 4.4E+00 1.4E-01 
w1_h6_c2_f4 4.3E-02 6.7E-02 2.3E-01 2.0E+04 3.6E+00 1.9E-01 
w1_h6_c3_f4 4.3E-02 6.7E-02 2.3E-01 2.0E+04 3.6E+00 1.9E-01 
w1_h7_c1_f4 1.6E-01 7.1E-02 5.7E-02 9.7E+03 4.4E+00 1.4E-01 
w1_h7_c2_f4 4.6E-02 6.7E-02 2.3E-01 1.9E+04 3.6E+00 1.9E-01 
w1_h7_c3_f4 4.6E-02 6.7E-02 2.3E-01 1.9E+04 3.6E+00 1.9E-01 
w2_h1_c1_f4 1.5E-01 1.1E-01 6.2E-02 1.8E+04 4.3E+00 1.4E-01 
w2_h1_c2_f4 3.8E-02 6.9E-02 2.3E-01 2.5E+04 3.5E+00 1.9E-01 
w2_h1_c3_f4 3.8E-02 6.8E-02 2.3E-01 2.8E+04 3.5E+00 1.9E-01 
w2_h2_c1_f4 1.5E-01 1.0E-01 6.0E-02 1.4E+04 4.3E+00 1.4E-01 
w2_h2_c2_f4 4.0E-02 6.8E-02 2.3E-01 2.1E+04 3.5E+00 1.9E-01 
w2_h2_c3_f4 3.9E-02 6.8E-02 2.3E-01 2.4E+04 3.5E+00 1.9E-01 
w2_h3_c1_f4 1.5E-01 8.8E-02 5.9E-02 1.2E+04 4.4E+00 1.4E-01 
w2_h3_c2_f4 4.2E-02 6.7E-02 2.3E-01 1.8E+04 3.5E+00 1.9E-01 
w2_h3_c3_f4 4.1E-02 6.7E-02 2.3E-01 2.2E+04 3.5E+00 1.9E-01 
w2_h4_c1_f4 1.5E-01 8.4E-02 6.0E-02 1.1E+04 4.4E+00 1.4E-01 
w2_h4_c2_f4 4.4E-02 6.7E-02 2.3E-01 1.7E+04 3.6E+00 1.9E-01 
w2_h4_c3_f4 4.3E-02 6.7E-02 2.3E-01 2.0E+04 3.6E+00 1.9E-01 
w2_h5_c1_f4 1.6E-01 7.7E-02 5.8E-02 9.6E+03 4.4E+00 1.4E-01 
w2_h5_c2_f4 4.7E-02 6.7E-02 2.3E-01 1.6E+04 3.6E+00 1.9E-01 
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w2_h5_c3_f4 4.6E-02 6.7E-02 2.3E-01 1.9E+04 3.6E+00 1.9E-01 
w2_h6_c1_f4 1.6E-01 7.7E-02 5.8E-02 8.9E+03 4.4E+00 1.4E-01 
w2_h6_c2_f4 5.0E-02 6.7E-02 2.3E-01 1.5E+04 3.6E+00 1.9E-01 
w2_h6_c3_f4 4.9E-02 6.7E-02 2.3E-01 1.8E+04 3.6E+00 1.9E-01 
w2_h7_c1_f4 1.6E-01 7.4E-02 5.8E-02 8.5E+03 4.4E+00 1.4E-01 
w2_h7_c2_f4 5.4E-02 6.7E-02 2.3E-01 1.5E+04 3.6E+00 1.9E-01 
w2_h7_c3_f4 5.3E-02 6.7E-02 2.3E-01 1.8E+04 3.6E+00 1.9E-01 
w3_h1_c1_f4 1.6E-01 1.4E-01 6.8E-02 1.4E+04 4.4E+00 1.5E-01 
w3_h1_c2_f4 4.6E-02 7.1E-02 2.3E-01 2.0E+04 3.6E+00 1.9E-01 
w3_h1_c3_f4 4.4E-02 6.8E-02 2.3E-01 2.4E+04 3.6E+00 1.9E-01 
w3_h2_c1_f4 1.6E-01 1.3E-01 6.5E-02 1.3E+04 4.4E+00 1.5E-01 
w3_h2_c2_f4 4.8E-02 7.0E-02 2.3E-01 1.6E+04 3.6E+00 1.9E-01 
w3_h2_c3_f4 4.6E-02 6.8E-02 2.3E-01 2.2E+04 3.6E+00 1.9E-01 
w3_h3_c1_f4 1.6E-01 1.1E-01 6.5E-02 1.1E+04 4.4E+00 1.5E-01 
w3_h3_c2_f4 5.0E-02 6.9E-02 2.3E-01 1.5E+04 3.6E+00 1.9E-01 
w3_h3_c3_f4 4.8E-02 6.8E-02 2.3E-01 2.0E+04 3.6E+00 1.9E-01 
w3_h4_c1_f4 1.6E-01 9.6E-02 6.5E-02 9.8E+03 4.4E+00 1.5E-01 
w3_h4_c2_f4 5.3E-02 6.8E-02 2.3E-01 1.4E+04 3.6E+00 1.9E-01 
w3_h4_c3_f4 5.1E-02 6.7E-02 2.3E-01 1.9E+04 3.6E+00 1.9E-01 
w3_h5_c1_f4 1.7E-01 8.2E-02 5.9E-02 8.5E+03 4.5E+00 1.5E-01 
w3_h5_c2_f4 5.6E-02 6.8E-02 2.3E-01 1.3E+04 3.6E+00 1.9E-01 
w3_h5_c3_f4 5.4E-02 6.7E-02 2.3E-01 1.8E+04 3.6E+00 1.9E-01 
w3_h6_c1_f4 1.7E-01 8.1E-02 5.9E-02 8.1E+03 4.5E+00 1.5E-01 
w3_h6_c2_f4 5.9E-02 6.8E-02 2.3E-01 1.2E+04 3.7E+00 1.9E-01 
w3_h6_c3_f4 5.7E-02 6.7E-02 2.3E-01 1.7E+04 3.7E+00 1.9E-01 
w3_h7_c1_f4 1.7E-01 8.0E-02 5.9E-02 7.7E+03 4.5E+00 1.4E-01 
w3_h7_c2_f4 6.3E-02 6.8E-02 2.3E-01 1.2E+04 3.7E+00 1.8E-01 
w3_h7_c3_f4 6.1E-02 6.7E-02 2.3E-01 1.7E+04 3.7E+00 1.8E-01 
w4_h1_c1_f4 1.7E-01 1.5E-01 7.0E-02 1.2E+04 4.5E+00 1.5E-01 
w4_h1_c2_f4 5.6E-02 7.3E-02 2.2E-01 1.5E+04 3.7E+00 1.9E-01 
w4_h1_c3_f4 5.2E-02 6.7E-02 2.3E-01 2.2E+04 3.6E+00 1.9E-01 
w4_h2_c1_f4 1.7E-01 1.4E-01 7.4E-02 1.1E+04 4.5E+00 1.5E-01 
w4_h2_c2_f4 5.8E-02 7.0E-02 2.3E-01 1.3E+04 3.7E+00 1.8E-01 
w4_h2_c3_f4 5.4E-02 6.7E-02 2.3E-01 2.0E+04 3.6E+00 1.9E-01 
w4_h3_c1_f4 1.7E-01 1.2E-01 6.5E-02 8.8E+03 4.5E+00 1.5E-01 
w4_h3_c2_f4 6.0E-02 6.9E-02 2.2E-01 1.2E+04 3.7E+00 1.8E-01 
w4_h3_c3_f4 5.7E-02 6.7E-02 2.3E-01 1.9E+04 3.7E+00 1.9E-01 
w4_h4_c1_f4 1.8E-01 1.0E-01 6.6E-02 8.4E+03 4.5E+00 1.5E-01 
w4_h4_c2_f4 6.3E-02 6.9E-02 2.2E-01 1.1E+04 3.7E+00 1.8E-01 
w4_h4_c3_f4 6.0E-02 6.7E-02 2.3E-01 1.8E+04 3.7E+00 1.9E-01 
w4_h5_c1_f4 1.8E-01 9.1E-02 6.1E-02 7.7E+03 4.6E+00 1.5E-01 
w4_h5_c2_f4 6.7E-02 6.8E-02 2.2E-01 1.1E+04 3.7E+00 1.8E-01 
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w4_h5_c3_f4 6.3E-02 6.7E-02 2.3E-01 1.7E+04 3.7E+00 1.8E-01 
w4_h6_c1_f4 1.8E-01 8.9E-02 6.1E-02 7.4E+03 4.6E+00 1.5E-01 
w4_h6_c2_f4 7.1E-02 6.8E-02 2.2E-01 1.0E+04 3.8E+00 1.8E-01 
w4_h6_c3_f4 6.7E-02 6.7E-02 2.3E-01 1.7E+04 3.7E+00 1.8E-01 
w4_h7_c1_f4 1.9E-01 8.5E-02 6.1E-02 7.2E+03 4.6E+00 1.5E-01 
w4_h7_c2_f4 7.6E-02 6.8E-02 2.2E-01 1.0E+04 3.8E+00 1.8E-01 
w4_h7_c3_f4 7.2E-02 6.7E-02 2.3E-01 1.7E+04 3.8E+00 1.8E-01 
w5_h1_c1_f4 1.8E-01 1.7E-01 8.1E-02 1.0E+04 4.6E+00 1.6E-01 
w5_h1_c2_f4 6.9E-02 8.0E-02 2.2E-01 1.3E+04 3.7E+00 1.8E-01 
w5_h1_c3_f4 6.3E-02 6.8E-02 2.3E-01 2.0E+04 3.7E+00 1.8E-01 
w5_h2_c1_f4 1.8E-01 1.5E-01 7.9E-02 9.0E+03 4.6E+00 1.6E-01 
w5_h2_c2_f4 7.1E-02 7.6E-02 2.3E-01 1.1E+04 3.8E+00 1.8E-01 
w5_h2_c3_f4 6.5E-02 6.8E-02 2.3E-01 1.9E+04 3.7E+00 1.8E-01 
w5_h3_c1_f4 1.9E-01 1.3E-01 7.0E-02 8.0E+03 4.6E+00 1.6E-01 
w5_h3_c2_f4 7.4E-02 7.1E-02 2.2E-01 1.0E+04 3.8E+00 1.8E-01 
w5_h3_c3_f4 6.8E-02 6.7E-02 2.3E-01 1.8E+04 3.7E+00 1.8E-01 
w5_h4_c1_f4 1.9E-01 1.1E-01 7.0E-02 7.5E+03 4.6E+00 1.6E-01 
w5_h4_c2_f4 7.7E-02 6.9E-02 2.2E-01 9.8E+03 3.8E+00 1.8E-01 
w5_h4_c3_f4 7.2E-02 6.7E-02 2.3E-01 1.7E+04 3.8E+00 1.8E-01 
w5_h5_c1_f4 1.9E-01 9.5E-02 6.3E-02 7.1E+03 4.6E+00 1.6E-01 
w5_h5_c2_f4 8.1E-02 6.8E-02 2.2E-01 9.2E+03 3.8E+00 1.8E-01 
w5_h5_c3_f4 7.6E-02 6.7E-02 2.3E-01 1.7E+04 3.8E+00 1.8E-01 
w5_h6_c1_f4 2.0E-01 8.7E-02 6.0E-02 6.9E+03 4.7E+00 1.6E-01 
w5_h6_c2_f4 8.6E-02 6.8E-02 2.2E-01 9.0E+03 3.9E+00 1.8E-01 
w5_h6_c3_f4 8.0E-02 6.7E-02 2.3E-01 1.6E+04 3.8E+00 1.8E-01 
w5_h7_c1_f4 2.0E-01 8.5E-02 6.3E-02 6.7E+03 4.7E+00 1.6E-01 
w5_h7_c2_f4 9.1E-02 6.9E-02 2.2E-01 8.8E+03 3.9E+00 1.8E-01 
w5_h7_c3_f4 8.6E-02 6.7E-02 2.3E-01 1.6E+04 3.9E+00 1.8E-01 
w6_h1_c1_f4 2.0E-01 1.8E-01 8.2E-02 9.3E+03 4.7E+00 1.6E-01 
w6_h1_c2_f4 8.6E-02 8.8E-02 2.2E-01 1.1E+04 3.9E+00 1.7E-01 
w6_h1_c3_f4 7.7E-02 6.8E-02 2.3E-01 2.0E+04 3.8E+00 1.8E-01 
w6_h2_c1_f4 2.0E-01 1.5E-01 8.4E-02 8.6E+03 4.7E+00 1.6E-01 
w6_h2_c2_f4 8.9E-02 8.1E-02 2.2E-01 1.0E+04 3.9E+00 1.7E-01 
w6_h2_c3_f4 8.0E-02 6.8E-02 2.3E-01 1.8E+04 3.8E+00 1.8E-01 
w6_h3_c1_f4 2.0E-01 1.3E-01 7.2E-02 7.4E+03 4.7E+00 1.6E-01 
w6_h3_c2_f4 9.2E-02 7.6E-02 2.2E-01 9.1E+03 3.9E+00 1.7E-01 
w6_h3_c3_f4 8.3E-02 6.7E-02 2.3E-01 1.7E+04 3.9E+00 1.8E-01 
w6_h4_c1_f4 2.1E-01 1.2E-01 6.6E-02 6.7E+03 4.7E+00 1.6E-01 
w6_h4_c2_f4 9.6E-02 7.2E-02 2.2E-01 8.3E+03 3.9E+00 1.7E-01 
w6_h4_c3_f4 8.7E-02 6.7E-02 2.3E-01 1.7E+04 3.9E+00 1.8E-01 
w6_h5_c1_f4 2.1E-01 9.1E-02 6.3E-02 6.6E+03 4.8E+00 1.6E-01 
w6_h5_c2_f4 1.0E-01 6.8E-02 2.2E-01 8.2E+03 4.0E+00 1.7E-01 
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w6_h5_c3_f4 9.1E-02 6.7E-02 2.3E-01 1.6E+04 3.9E+00 1.8E-01 
w6_h6_c1_f4 2.2E-01 8.8E-02 6.0E-02 6.2E+03 4.8E+00 1.6E-01 
w6_h6_c2_f4 1.1E-01 6.8E-02 2.2E-01 7.9E+03 4.0E+00 1.7E-01 
w6_h6_c3_f4 9.7E-02 6.7E-02 2.3E-01 1.6E+04 4.0E+00 1.8E-01 
w6_h7_c1_f4 2.2E-01 8.0E-02 6.2E-02 6.3E+03 4.8E+00 1.6E-01 
w6_h7_c2_f4 1.1E-01 6.7E-02 2.2E-01 7.9E+03 4.1E+00 1.7E-01 
w6_h7_c3_f4 1.0E-01 6.7E-02 2.3E-01 1.6E+04 4.0E+00 1.7E-01 
w7_h1_c1_f4 2.2E-01 1.8E-01 7.8E-02 8.7E+03 4.8E+00 1.6E-01 
w7_h1_c2_f4 1.1E-01 9.3E-02 2.2E-01 1.0E+04 4.0E+00 1.7E-01 
w7_h1_c3_f4 9.6E-02 6.8E-02 2.3E-01 1.9E+04 3.9E+00 1.8E-01 
w7_h2_c1_f4 2.2E-01 1.7E-01 7.5E-02 8.2E+03 4.9E+00 1.6E-01 
w7_h2_c2_f4 1.1E-01 9.0E-02 2.2E-01 9.1E+03 4.1E+00 1.7E-01 
w7_h2_c3_f4 9.9E-02 6.8E-02 2.3E-01 1.7E+04 4.0E+00 1.8E-01 
w7_h3_c1_f4 2.3E-01 1.6E-01 7.4E-02 6.9E+03 4.9E+00 1.5E-01 
w7_h3_c2_f4 1.2E-01 8.7E-02 2.2E-01 8.1E+03 4.1E+00 1.6E-01 
w7_h3_c3_f4 1.0E-01 6.8E-02 2.3E-01 1.7E+04 4.0E+00 1.8E-01 
w7_h4_c1_f4 2.3E-01 1.5E-01 7.5E-02 6.5E+03 4.9E+00 1.5E-01 
w7_h4_c2_f4 1.2E-01 8.3E-02 2.2E-01 7.8E+03 4.1E+00 1.6E-01 
w7_h4_c3_f4 1.1E-01 6.8E-02 2.3E-01 1.6E+04 4.0E+00 1.7E-01 
w7_h5_c1_f4 2.4E-01 1.4E-01 6.9E-02 6.2E+03 4.9E+00 1.5E-01 
w7_h5_c2_f4 1.3E-01 7.9E-02 2.2E-01 7.4E+03 4.2E+00 1.6E-01 
w7_h5_c3_f4 1.1E-01 6.7E-02 2.3E-01 1.6E+04 4.1E+00 1.7E-01 
w7_h6_c1_f4 2.4E-01 1.2E-01 6.6E-02 6.0E+03 5.0E+00 1.5E-01 
w7_h6_c2_f4 1.3E-01 7.3E-02 2.2E-01 7.2E+03 4.2E+00 1.6E-01 
w7_h6_c3_f4 1.2E-01 6.7E-02 2.3E-01 1.6E+04 4.1E+00 1.7E-01 
w7_h7_c1_f4 2.5E-01 1.0E-01 6.6E-02 6.1E+03 5.0E+00 1.5E-01 
w7_h7_c2_f4 1.4E-01 7.1E-02 2.2E-01 7.1E+03 4.3E+00 1.6E-01 
w7_h7_c3_f4 1.2E-01 6.7E-02 2.3E-01 1.6E+04 4.2E+00 1.7E-01 
w1_h1_c1_f8 1.4E-01 9.6E-02 6.0E-02 8.8E+04 2.1E+00 1.5E-01 
w1_h1_c2_f8 3.3E-02 6.8E-02 2.2E-01 1.2E+05 1.7E+00 1.9E-01 
w1_h1_c3_f8 3.3E-02 6.8E-02 2.2E-01 1.2E+05 1.7E+00 1.9E-01 
w1_h2_c1_f8 1.4E-01 8.9E-02 6.1E-02 7.2E+04 2.1E+00 1.4E-01 
w1_h2_c2_f8 3.4E-02 6.7E-02 2.2E-01 1.0E+05 1.7E+00 1.9E-01 
w1_h2_c3_f8 3.4E-02 6.7E-02 2.2E-01 1.0E+05 1.7E+00 1.9E-01 
w1_h3_c1_f8 1.4E-01 8.5E-02 6.0E-02 5.7E+04 2.2E+00 1.4E-01 
w1_h3_c2_f8 3.6E-02 6.7E-02 2.2E-01 8.9E+04 1.7E+00 1.9E-01 
w1_h3_c3_f8 3.6E-02 6.7E-02 2.2E-01 8.9E+04 1.7E+00 1.9E-01 
w1_h4_c1_f8 1.5E-01 8.5E-02 5.9E-02 4.7E+04 2.2E+00 1.4E-01 
w1_h4_c2_f8 3.8E-02 6.7E-02 2.2E-01 8.0E+04 1.8E+00 1.9E-01 
w1_h4_c3_f8 3.8E-02 6.7E-02 2.2E-01 8.0E+04 1.8E+00 1.9E-01 
w1_h5_c1_f8 1.5E-01 8.1E-02 6.0E-02 4.2E+04 2.2E+00 1.4E-01 
w1_h5_c2_f8 4.0E-02 6.7E-02 2.2E-01 7.4E+04 1.8E+00 1.9E-01 
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w1_h5_c3_f8 4.0E-02 6.7E-02 2.2E-01 7.4E+04 1.8E+00 1.9E-01 
w1_h6_c1_f8 1.5E-01 7.9E-02 5.9E-02 3.8E+04 2.2E+00 1.4E-01 
w1_h6_c2_f8 4.3E-02 6.7E-02 2.2E-01 6.9E+04 1.8E+00 1.9E-01 
w1_h6_c3_f8 4.3E-02 6.7E-02 2.2E-01 6.9E+04 1.8E+00 1.9E-01 
w1_h7_c1_f8 1.6E-01 7.6E-02 6.1E-02 3.5E+04 2.2E+00 1.4E-01 
w1_h7_c2_f8 4.6E-02 6.7E-02 2.2E-01 6.7E+04 1.8E+00 1.9E-01 
w1_h7_c3_f8 4.6E-02 6.7E-02 2.2E-01 6.7E+04 1.8E+00 1.9E-01 
w2_h1_c1_f8 1.5E-01 1.4E-01 6.5E-02 6.7E+04 2.2E+00 1.5E-01 
w2_h1_c2_f8 3.8E-02 7.1E-02 2.2E-01 8.9E+04 1.8E+00 1.9E-01 
w2_h1_c3_f8 3.8E-02 6.9E-02 2.2E-01 1.0E+05 1.8E+00 1.9E-01 
w2_h2_c1_f8 1.5E-01 1.2E-01 6.2E-02 5.3E+04 2.2E+00 1.5E-01 
w2_h2_c2_f8 4.0E-02 6.9E-02 2.2E-01 7.6E+04 1.8E+00 1.9E-01 
w2_h2_c3_f8 3.9E-02 6.8E-02 2.2E-01 8.6E+04 1.8E+00 1.9E-01 
w2_h3_c1_f8 1.5E-01 1.0E-01 6.6E-02 4.7E+04 2.2E+00 1.5E-01 
w2_h3_c2_f8 4.2E-02 6.8E-02 2.2E-01 6.6E+04 1.8E+00 1.9E-01 
w2_h3_c3_f8 4.1E-02 6.8E-02 2.2E-01 7.6E+04 1.8E+00 1.9E-01 
w2_h4_c1_f8 1.5E-01 1.0E-01 6.1E-02 3.9E+04 2.2E+00 1.4E-01 
w2_h4_c2_f8 4.4E-02 6.8E-02 2.2E-01 5.9E+04 1.8E+00 1.9E-01 
w2_h4_c3_f8 4.3E-02 6.8E-02 2.2E-01 7.0E+04 1.8E+00 1.9E-01 
w2_h5_c1_f8 1.6E-01 9.1E-02 6.0E-02 3.4E+04 2.2E+00 1.4E-01 
w2_h5_c2_f8 4.7E-02 6.8E-02 2.2E-01 5.5E+04 1.8E+00 1.9E-01 
w2_h5_c3_f8 4.6E-02 6.8E-02 2.2E-01 6.6E+04 1.8E+00 1.9E-01 
w2_h6_c1_f8 1.6E-01 8.9E-02 6.0E-02 3.2E+04 2.2E+00 1.4E-01 
w2_h6_c2_f8 5.0E-02 6.8E-02 2.2E-01 5.2E+04 1.8E+00 1.9E-01 
w2_h6_c3_f8 4.9E-02 6.8E-02 2.2E-01 6.3E+04 1.8E+00 1.9E-01 
w2_h7_c1_f8 1.6E-01 8.5E-02 6.3E-02 3.0E+04 2.2E+00 1.4E-01 
w2_h7_c2_f8 5.4E-02 6.8E-02 2.2E-01 5.0E+04 1.8E+00 1.9E-01 
w2_h7_c3_f8 5.3E-02 6.7E-02 2.2E-01 6.1E+04 1.8E+00 1.9E-01 
w3_h1_c1_f8 1.6E-01 2.0E-01 7.9E-02 5.6E+04 2.2E+00 1.5E-01 
w3_h1_c2_f8 4.6E-02 7.6E-02 2.2E-01 6.9E+04 1.8E+00 1.9E-01 
w3_h1_c3_f8 4.4E-02 7.0E-02 2.2E-01 8.8E+04 1.8E+00 1.9E-01 
w3_h2_c1_f8 1.6E-01 1.8E-01 7.5E-02 4.2E+04 2.2E+00 1.4E-01 
w3_h2_c2_f8 4.8E-02 7.4E-02 2.2E-01 5.9E+04 1.8E+00 1.9E-01 
w3_h2_c3_f8 4.6E-02 6.9E-02 2.2E-01 7.5E+04 1.8E+00 1.9E-01 
w3_h3_c1_f8 1.6E-01 1.4E-01 7.1E-02 3.9E+04 2.2E+00 1.4E-01 
w3_h3_c2_f8 5.0E-02 7.1E-02 2.2E-01 5.2E+04 1.8E+00 1.9E-01 
w3_h3_c3_f8 4.8E-02 6.8E-02 2.2E-01 7.0E+04 1.8E+00 1.9E-01 
w3_h4_c1_f8 1.6E-01 1.3E-01 6.6E-02 3.4E+04 2.2E+00 1.4E-01 
w3_h4_c2_f8 5.3E-02 7.0E-02 2.2E-01 4.8E+04 1.8E+00 1.9E-01 
w3_h4_c3_f8 5.1E-02 6.8E-02 2.2E-01 6.6E+04 1.8E+00 1.9E-01 
w3_h5_c1_f8 1.7E-01 1.1E-01 6.3E-02 3.1E+04 2.2E+00 1.4E-01 
w3_h5_c2_f8 5.6E-02 6.9E-02 2.2E-01 4.4E+04 1.8E+00 1.8E-01 
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w3_h5_c3_f8 5.4E-02 6.8E-02 2.2E-01 6.1E+04 1.8E+00 1.9E-01 
w3_h6_c1_f8 1.7E-01 1.1E-01 6.3E-02 2.8E+04 2.2E+00 1.4E-01 
w3_h6_c2_f8 5.9E-02 6.9E-02 2.2E-01 4.1E+04 1.8E+00 1.8E-01 
w3_h6_c3_f8 5.7E-02 6.8E-02 2.2E-01 6.0E+04 1.8E+00 1.8E-01 
w3_h7_c1_f8 1.7E-01 9.8E-02 6.2E-02 2.7E+04 2.3E+00 1.4E-01 
w3_h7_c2_f8 6.3E-02 6.9E-02 2.2E-01 4.0E+04 1.9E+00 1.8E-01 
w3_h7_c3_f8 6.1E-02 6.7E-02 2.2E-01 5.9E+04 1.8E+00 1.8E-01 
w4_h1_c1_f8 1.7E-01 2.1E-01 8.2E-02 4.3E+04 2.2E+00 1.5E-01 
w4_h1_c2_f8 5.6E-02 7.8E-02 2.2E-01 5.2E+04 1.8E+00 1.8E-01 
w4_h1_c3_f8 5.2E-02 6.7E-02 2.2E-01 7.9E+04 1.8E+00 1.9E-01 
w4_h2_c1_f8 1.7E-01 2.1E-01 8.8E-02 3.8E+04 2.2E+00 1.5E-01 
w4_h2_c2_f8 5.8E-02 7.5E-02 2.2E-01 4.6E+04 1.8E+00 1.8E-01 
w4_h2_c3_f8 5.4E-02 6.7E-02 2.2E-01 7.0E+04 1.8E+00 1.9E-01 
w4_h3_c1_f8 1.7E-01 1.8E-01 7.7E-02 3.4E+04 2.3E+00 1.5E-01 
w4_h3_c2_f8 6.0E-02 7.3E-02 2.2E-01 4.3E+04 1.8E+00 1.8E-01 
w4_h3_c3_f8 5.7E-02 6.7E-02 2.2E-01 6.6E+04 1.8E+00 1.8E-01 
w4_h4_c1_f8 1.8E-01 1.4E-01 7.0E-02 3.0E+04 2.3E+00 1.5E-01 
w4_h4_c2_f8 6.3E-02 7.1E-02 2.2E-01 3.9E+04 1.9E+00 1.8E-01 
w4_h4_c3_f8 6.0E-02 6.7E-02 2.2E-01 6.2E+04 1.8E+00 1.8E-01 
w4_h5_c1_f8 1.8E-01 1.2E-01 6.7E-02 2.8E+04 2.3E+00 1.4E-01 
w4_h5_c2_f8 6.7E-02 7.1E-02 2.2E-01 3.7E+04 1.9E+00 1.8E-01 
w4_h5_c3_f8 6.3E-02 6.7E-02 2.2E-01 5.9E+04 1.8E+00 1.8E-01 
w4_h6_c1_f8 1.8E-01 1.2E-01 6.5E-02 2.6E+04 2.3E+00 1.4E-01 
w4_h6_c2_f8 7.1E-02 7.1E-02 2.2E-01 3.5E+04 1.9E+00 1.8E-01 
w4_h6_c3_f8 6.7E-02 6.7E-02 2.2E-01 5.7E+04 1.9E+00 1.8E-01 
w4_h7_c1_f8 1.9E-01 1.1E-01 6.5E-02 2.5E+04 2.3E+00 1.4E-01 
w4_h7_c2_f8 7.6E-02 7.1E-02 2.2E-01 3.4E+04 1.9E+00 1.8E-01 
w4_h7_c3_f8 7.2E-02 6.7E-02 2.2E-01 5.7E+04 1.9E+00 1.8E-01 
w5_h1_c1_f8 1.8E-01 2.3E-01 1.0E-01 3.7E+04 2.3E+00 1.6E-01 
w5_h1_c2_f8 6.9E-02 8.8E-02 2.2E-01 4.4E+04 1.9E+00 1.8E-01 
w5_h1_c3_f8 6.3E-02 6.8E-02 2.2E-01 7.0E+04 1.8E+00 1.8E-01 
w5_h2_c1_f8 1.8E-01 2.3E-01 1.0E-01 3.3E+04 2.3E+00 1.6E-01 
w5_h2_c2_f8 7.1E-02 8.2E-02 2.2E-01 3.9E+04 1.9E+00 1.8E-01 
w5_h2_c3_f8 6.5E-02 6.8E-02 2.2E-01 6.6E+04 1.9E+00 1.8E-01 
w5_h3_c1_f8 1.9E-01 2.1E-01 8.5E-02 2.8E+04 2.3E+00 1.5E-01 
w5_h3_c2_f8 7.4E-02 7.5E-02 2.2E-01 3.5E+04 1.9E+00 1.8E-01 
w5_h3_c3_f8 6.8E-02 6.7E-02 2.2E-01 6.1E+04 1.9E+00 1.8E-01 
w5_h4_c1_f8 1.9E-01 1.8E-01 8.0E-02 2.6E+04 2.3E+00 1.5E-01 
w5_h4_c2_f8 7.7E-02 7.2E-02 2.2E-01 3.3E+04 1.9E+00 1.8E-01 
w5_h4_c3_f8 7.2E-02 6.7E-02 2.2E-01 5.7E+04 1.9E+00 1.8E-01 
w5_h5_c1_f8 1.9E-01 1.4E-01 7.0E-02 2.5E+04 2.3E+00 1.5E-01 
w5_h5_c2_f8 8.1E-02 7.0E-02 2.2E-01 3.1E+04 1.9E+00 1.8E-01 
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w5_h5_c3_f8 7.6E-02 6.7E-02 2.2E-01 5.7E+04 1.9E+00 1.8E-01 
w5_h6_c1_f8 2.0E-01 1.2E-01 6.4E-02 2.4E+04 2.3E+00 1.4E-01 
w5_h6_c2_f8 8.6E-02 7.0E-02 2.2E-01 3.0E+04 1.9E+00 1.7E-01 
w5_h6_c3_f8 8.0E-02 6.7E-02 2.2E-01 5.6E+04 1.9E+00 1.8E-01 
w5_h7_c1_f8 2.0E-01 1.2E-01 6.6E-02 2.3E+04 2.4E+00 1.4E-01 
w5_h7_c2_f8 9.1E-02 7.2E-02 2.2E-01 2.9E+04 2.0E+00 1.7E-01 
w5_h7_c3_f8 8.6E-02 6.8E-02 2.2E-01 5.5E+04 1.9E+00 1.8E-01 
w6_h1_c1_f8 2.0E-01 2.5E-01 1.1E-01 3.3E+04 2.3E+00 1.7E-01 
w6_h1_c2_f8 8.6E-02 1.0E-01 2.2E-01 3.9E+04 1.9E+00 1.7E-01 
w6_h1_c3_f8 7.7E-02 6.9E-02 2.2E-01 7.1E+04 1.9E+00 1.8E-01 
w6_h2_c1_f8 2.0E-01 2.1E-01 1.0E-01 3.0E+04 2.4E+00 1.7E-01 
w6_h2_c2_f8 8.9E-02 9.2E-02 2.3E-01 3.5E+04 1.9E+00 1.7E-01 
w6_h2_c3_f8 8.0E-02 6.8E-02 2.2E-01 6.5E+04 1.9E+00 1.8E-01 
w6_h3_c1_f8 2.0E-01 2.0E-01 9.2E-02 2.6E+04 2.4E+00 1.6E-01 
w6_h3_c2_f8 9.2E-02 8.4E-02 2.2E-01 3.2E+04 2.0E+00 1.7E-01 
w6_h3_c3_f8 8.3E-02 6.7E-02 2.2E-01 6.1E+04 1.9E+00 1.8E-01 
w6_h4_c1_f8 2.1E-01 1.6E-01 7.3E-02 2.4E+04 2.4E+00 1.5E-01 
w6_h4_c2_f8 9.6E-02 7.4E-02 2.2E-01 2.7E+04 2.0E+00 1.7E-01 
w6_h4_c3_f8 8.7E-02 6.7E-02 2.2E-01 5.8E+04 1.9E+00 1.8E-01 
w6_h5_c1_f8 2.1E-01 1.4E-01 6.9E-02 2.3E+04 2.4E+00 1.5E-01 
w6_h5_c2_f8 1.0E-01 7.1E-02 2.2E-01 2.6E+04 2.0E+00 1.7E-01 
w6_h5_c3_f8 9.1E-02 6.7E-02 2.2E-01 5.6E+04 2.0E+00 1.8E-01 
w6_h6_c1_f8 2.2E-01 1.3E-01 6.6E-02 2.2E+04 2.4E+00 1.5E-01 
w6_h6_c2_f8 1.1E-01 7.0E-02 2.2E-01 2.5E+04 2.0E+00 1.7E-01 
w6_h6_c3_f8 9.7E-02 6.7E-02 2.2E-01 5.3E+04 2.0E+00 1.7E-01 
w6_h7_c1_f8 2.2E-01 1.1E-01 7.0E-02 2.2E+04 2.4E+00 1.5E-01 
w6_h7_c2_f8 1.1E-01 6.9E-02 2.2E-01 2.5E+04 2.0E+00 1.7E-01 
w6_h7_c3_f8 1.0E-01 6.7E-02 2.2E-01 5.3E+04 2.0E+00 1.7E-01 
w7_h1_c1_f8 2.2E-01 2.7E-01 1.0E-01 3.5E+04 2.4E+00 1.7E-01 
w7_h1_c2_f8 1.1E-01 1.1E-01 2.2E-01 3.7E+04 2.0E+00 1.6E-01 
w7_h1_c3_f8 9.6E-02 6.9E-02 2.2E-01 6.8E+04 2.0E+00 1.8E-01 
w7_h2_c1_f8 2.2E-01 2.4E-01 9.8E-02 3.1E+04 2.4E+00 1.6E-01 
w7_h2_c2_f8 1.1E-01 1.1E-01 2.2E-01 3.3E+04 2.0E+00 1.6E-01 
w7_h2_c3_f8 9.9E-02 6.9E-02 2.2E-01 6.1E+04 2.0E+00 1.8E-01 
w7_h3_c1_f8 2.3E-01 2.3E-01 9.9E-02 2.4E+04 2.5E+00 1.6E-01 
w7_h3_c2_f8 1.2E-01 1.1E-01 2.2E-01 2.8E+04 2.0E+00 1.6E-01 
w7_h3_c3_f8 1.0E-01 6.8E-02 2.2E-01 5.8E+04 2.0E+00 1.8E-01 
w7_h4_c1_f8 2.3E-01 2.3E-01 9.4E-02 2.2E+04 2.5E+00 1.6E-01 
w7_h4_c2_f8 1.2E-01 1.0E-01 2.2E-01 2.6E+04 2.1E+00 1.6E-01 
w7_h4_c3_f8 1.1E-01 6.8E-02 2.2E-01 5.6E+04 2.0E+00 1.8E-01 
w7_h5_c1_f8 2.4E-01 2.0E-01 9.1E-02 2.1E+04 2.5E+00 1.6E-01 
w7_h5_c2_f8 1.3E-01 9.3E-02 2.2E-01 2.4E+04 2.1E+00 1.6E-01 
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w7_h5_c3_f8 1.1E-01 6.7E-02 2.2E-01 5.4E+04 2.0E+00 1.7E-01 
w7_h6_c1_f8 2.4E-01 1.7E-01 8.8E-02 2.1E+04 2.5E+00 1.6E-01 
w7_h6_c2_f8 1.3E-01 8.4E-02 2.2E-01 2.4E+04 2.1E+00 1.6E-01 
w7_h6_c3_f8 1.2E-01 6.7E-02 2.2E-01 5.3E+04 2.1E+00 1.7E-01 
w7_h7_c1_f8 2.5E-01 1.5E-01 7.3E-02 2.0E+04 2.5E+00 1.5E-01 
w7_h7_c2_f8 1.4E-01 8.1E-02 2.2E-01 2.3E+04 2.1E+00 1.6E-01 
w7_h7_c3_f8 1.2E-01 6.7E-02 2.2E-01 5.2E+04 2.1E+00 1.7E-01 
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Appendix B Adsorption Model Implementation in Fluent UDF 
 
#include <udf.h> 
#define NumPts 21 
#define Dp 1.0E-7 
#define B 1000.0 /* coefficient for source term applied to particle boudary*/ 
#define R 0.001  /*  particle diameter*/ 
#define coeff 1  /*  continous phase source term magnifing coeffi*/ 
 
void TDMA(double* a, 
                      double* b, 
                      double* c, 
                      double* d, 
                      double* f) 
 int i=1; 
  /* Create the temporary vectors*/ 
  /* Note that this is inefficient as it is possible to call*/ 
 /* this function many times. A better implementation would*/ 
  /* pass these temporary matrices by non-const reference to*/ 
  /* save excess allocation and deallocation*/ 
   double c_star[NumPts]= {0.0}; 
   double d_star[NumPts] = {0}; 
  /* This updates the coefficients in the first row*/ 
  /* Note that we should be checking for division by zero here*/ 
  c_star[0] = c[0] / b[0]; 
  d_star[0] = d[0] / b[0]; 
  /* Create the c_star and d_star coefficients in the forward sweep*/ 
  for (i=1; i<=NumPts-1; i++) { 
    double m = 1.0 / (b[i] - a[i] * c_star[i-1]); 
    c_star[i] = c[i] * m; 
    d_star[i] = (d[i] - a[i] * d_star[i-1]) * m; 
  } 
  /* This is the reverse sweep, used to update the solution vector f*/ 
  f[NumPts - 1] = d_star[NumPts - 1]; 
  for (i= NumPts-2; i>=0; i-- ) { 
    f[i] = d_star[i] - c_star[i] * f[i+1]; 
  } 
} 
void solveDiffusionEq(double oldC[NumPts], double newC[NumPts], double C0, double 
dt) 
{ 
    double a[NumPts], b[NumPts], c[NumPts], d[NumPts]; 
    int i; 
    double dr = R/(NumPts - 1); 
    double aa, ri; 
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    a[0] = 0; 
    b[0] = 1; 
    c[0] = -1; 
    d[0] = 0; 
    for(i =1 ; i<NumPts - 1; i++) 
    { 
        aa = 1. + 2*Dp*dt/dr/dr; 
        ri = i*dr; 
        a[i] =  -1.0*Dp*dt/aa*(1.0/dr - 1.0/ri)/dr; 
        b[i] = 1.0; 
        c[i] =  -1.0*Dp*dt/aa*(1.0/dr + 1.0/ri)/dr; 
        d[i] = oldC[i]/aa; 
    } 
    a[NumPts - 1] = -1.0/(1. + dr*B); 
    b[NumPts - 1] = 1.0; 
    c[NumPts - 1] = 0; 
    d[NumPts - 1] =  dr*B*C0/(1. + dr*B); 
 
    TDMA(a, b, c, d, newC); 
 
} 
 
 
 
 
DEFINE_ADJUST(update_cp,domain) 
{ 
    cell_t c; 
    Thread *t; 
    int i; 
    int j; 
    static int k=0; 
    static double tim=-1; 
    static double newC[NumPts] = {0}; 
    static double oldC[NumPts] = {0}; 
    static double newC_UDS[NumPts] = {0}; 
    static double oldC_UDS[NumPts] = {0}; 
 
     
    if (tim==CURRENT_TIME) 
       return; 
    tim=CURRENT_TIME; 
 
    /*printf(" t = %f\n",CURRENT_TIME); 
    printf("dt = %f\n",CURRENT_TIMESTEP); 
    printf(" k = %d\n",k); 
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    k=k+1;*/ 
     
    thread_loop_c (t,domain) 
    { 
        begin_c_loop (c,t) 
         { 
             for(i=0; i<NumPts; i++) 
                {oldC[i]=C_UDMI(c,t,i);} 
             for(i=0; i<NumPts; i++) 
                {oldC_UDS[i]=C_UDMI(c,t,NumPts+i);} 
 
 
             solveDiffusionEq(oldC, newC, C_YI(c,t,0), CURRENT_TIMESTEP); 
             for(j=0; j<NumPts; j++) 
                { 
                   oldC[j] = newC[j]; 
                   C_UDMI(c,t,j)=oldC[j];  
                } 
 
 
             solveDiffusionEq(oldC_UDS, newC_UDS, C_UDSI(c,t,0), 
CURRENT_TIMESTEP); 
 
             for(j=0; j<NumPts; j++) 
                { 
                   oldC_UDS[j] = newC_UDS[j]; 
                   C_UDMI(c,t,NumPts+j)=oldC_UDS[j];  
                } 
 
         } 
        end_c_loop (c,t) 
 
    }  
} 
DEFINE_SOURCE(csource,c,t,ds,equ) 
{ 
    static int k=0; 
    k=k+1; 
    real xc[ND_ND]; 
    C_CENTROID(xc,c,t); 
    real src=-1.0*coeff*(C_YI(c,t,0)-C_UDMI(c,t,NumPts-1)); 
    ds[equ] =0.0; 
    C_UDMI(c,t,2*NumPts)=src; 
   /* printf(" %d,%f,%f,%f,%f,src 
= %f\n",k,xc[0],xc[1],C_YI(c,t,0),C_UDMI(c,t,NumPts-1),src);*/ 
    return src;  
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} 
 
DEFINE_SOURCE(udsource,c,t,ds,equ) 
{ 
    static int k=0; 
    k=k+1; 
    real xc[ND_ND]; 
    C_CENTROID(xc,c,t); 
    real source=-1.0*coeff*(C_UDSI(c,t,0)-C_UDMI(c,t,NumPts-1)); 
    ds[equ] =-1.0*coeff; 
    C_UDMI(c,t,2*NumPts+1)=source; 
   /* printf(" %d,%f,%f,%f,%f,src 
= %f\n",k,xc[0],xc[1],C_YI(c,t,0),C_UDMI(c,t,NumPts-1),src);*/ 
    return source;  
} 
 /*DEFINE_ON_DEMAND(printcp) 
{ 
  int i; 
  cell_t c; 
  Thread *t; 
  real xc[ND_ND]; 
  C_CENTROID(xc, c, t); 
  domian *d; 
  thread_loop_c (t,domain) 
    { 
        begin_c_loop (c,t) 
         { 
 
          for(i=0; i<NumPts; i++) 
          { 
           printf(" %f \n",C_UDMI(c,t,i));  
          } 
        end_c_loop (c,t) 
 
    }  
} 
*
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Appendix C Adsorption Model Implementation in Python 
#!/usr/bin/env python3 
 
# import necessary modules 
import numpy as np 
from matplotlib import pyplot as plt 
 
poro=0.58 # bulk porosity 
C0=1 # inlet C,mg/ml 
rho_p  =  1.97 # density,g/cm3 
poro_p = 0.45 
Qm     = 45.4 # mg/g 
b      = 0.84 # ml/mg 
kf     = 8.2e-7 # m/s 
R=0.00041  # particle diameter,m 
Z=0.0163     # domain length,m 
V=0.000414    # inlet  velocity , m/s 
T=100    # end time s 
cbulk=1    # inlet concertration,mg/ml 
 
#continous phase parameters 
DL=1e-6    # diffusion coeff 
BL=(1-poro)/poro*3*kf/R    # source term magnifying coeff 
 
#particle phase parameters 
D=2.4e-11   # particle diffusion coeff 
B=kf/D/poro_p # particle source term magnifying coeff 
R=R  # particle diameter 
 
nz = 201 
nr = 101 
nt = 40001 
 
z = np.linspace(0.0, Z, nz) # continous space grid 
r = np.linspace(0.0, R, nr) # bead space grid 
t = np.linspace(0.0, T, nt) # time  grid 
dz = z[1] - z[0] 
dr = r[1] - r[0] 
dt = t[1] - t[0] 
 
c  = np.zeros_like(z) # bulk c at current timestep 
cn = np.zeros_like(z) # bulk c at new timestep 
c_nosource=np.zeros_like(z) 
cn_nosource=np.zeros_like(cn) 
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cp  = np.zeros((nz,nr)) # particle cp at current timestep 
cpn = np.zeros_like(cp) # particle cp at new timestep 
cp_nos = np.zeros_like(cp) # particle cp at new timestep 
cpn_nos = np.zeros_like(cp) # particle cp at new timestep 
 
clastlist=[] 
timehere=[] 
c_nosourcelastlist=[] 
 
c[0]=cbulk 
for n in range(1, nt): 
      time = n*dt 
# calculate c coefficent in continous phase with upwind 
 
      Term1=(DL/dz)*dt/dz 
      Term2=1-(2*DL/dz+V)*dt/dz 
      Term3=(V+DL/dz)*dt/dz 
 
# Part 1 continous phase source term c,cn 
      Source=-1.0*BL*(c[1:-1].T-cp[1:-1,-1])   
      cn[1:-1] = Term1*c[2:] + Term2*c[1:-1] + Term3*c[0:-2]+Source.T*dt 
      #BC 
      cn[0]=cbulk 
      cn[-1]=cn[-2]       
      # update time 
      c, cn = cn, c 
      Source=-1.0*BL*(c[1:-1].T-cp[1:-1,-1])   
   
 
# Part 2 calculate cp, diffusion equation with source term at boundary 
      #Source=E*(c[1:-1].T-cp[1:-1,-1])*dt 
 
      CPTerm1=(D*(1/dr+2/r[1:-1]))*dt/dr 
      CPTerm2=1-D*(2/dr+2/r[1:-1])*dt/dr 
      CPTerm3=(D/dr)*dt/dr    
       
 
      #cpn[1:-1,-1]=0.01 
      cpn[:,1:-1] = np.multiply(cp[:,2:],CPTerm1) + np.multiply(cp[:,1:-1],CPTerm2) + 
np.multiply(cp[:,0:-2],CPTerm3) 
      Sourcep=B*(c[1:-1].T-cp[1:-1,-1])        
      cpn[1:-1,-1]=cpn[1:-1,-2]+dr*Sourcep 
      cpn[:,0]=cpn[:,1] 
             # update time 
      cp, cpn = cpn, cp 
      Sourcep=B*(c[1:-1].T-cp[1:-1,-1])  
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# Part 3 continous phase source implementing the real coefficients as in the adsorption 
paper 
 
 
#continous phase parameters 
 
 
 
      DL_nos=1e-6     # diffusion coeff 
      BL_nos=0        # source term magnifying coeff 
 
 
# calculate c in continous phase with upwind 
      Term1_nos=(DL_nos/dz)*dt/dz 
      Term2_nos=1-(2*DL_nos/dz+V)*dt/dz 
      Term3_nos=(V+DL_nos/dz)*dt/dz 
      Source_nos=-1.0*BL*(c[1:-1].T-cp[1:-1,-1])   
      cn_nosource[1:-1] = Term1_nos*c_nosource[2:] + Term2_nos*c_nosource[1:-1] +  
      Term3_nos*c_nosource[0:-2]+Source_nos.T*dt 
      cn_nosource[0]=cbulk 
      cn_nosource[-1]=cn_nosource[-2] 
      c_nosource, cn_nosource = cn_nosource, c_nosource 
 
# calculate cp in particle phase with upwind 
      Dco=np.ones_like(cp[:,1:-1]) 
      Dco=1/(1+rho_p*(1-poro_p)/poro_p*Qm*b/np.multiply((1+b*cp[:,1:-
1]),(1+b*cp[:,1:-1]))) 
      #print (Dco) 
      CPTerm1_nos=np.multiply(Dco,D*(1/dr+1/r[1:-1]))*dt/dr 
      CPTerm2_nos=1-np.multiply(Dco,D*(2/dr)*dt/dr) 
      CPTerm3_nos=np.multiply(Dco,D*(1/dr-1/r[1:-1])*dt/dr)        
      cpn_nos[:,1:-1] = np.multiply(cp_nos[:,2:],CPTerm1_nos) + np.multiply(cp_nos[:,1:-
1],CPTerm2_nos) 
       + np.multiply(cp_nos[:,0:-2],CPTerm3_nos) 
      Sourcep_nos=B*(c_nosource[1:-1].T-cp_nos[1:-1,-1])        
      cpn_nos[1:-1,-1]=cpn_nos[1:-1,-2]+dr*Sourcep_nos 
      cpn_nos[:,0]=cpn_nos[:,1] 
             # update time 
      cp_nos, cpn_nos = cpn_nos, cp_nos 
      Sourcep_nos=B*(c_nosource[1:-1].T-cp_nos[1:-1,-1])  
 
       # plot every 10 time steps 
      plt.figure(1) 
 
      if n%((nt-1)/5) == 0: 
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        plt.plot(c,'--') 
        plt.title('bulk C with z (dash lines with source terms)') #  
 
      if n%((nt-1)/5) == 0: 
        plt.plot(c_nosource) 
        plt.figure(2) 
        plt.plot(cp[1:-1,-1]) 
        plt.plot(cp[1:-1,0],'--') 
      if n%((nt-1)/100) == 0: 
        plt.figure(3)         
        clastlist=np.append(clastlist ,c[-1]) 
        c_nosourcelastlist=np.append(c_nosourcelastlist ,c_nosource[-1]) 
        timehere=np.append(timehere,time) 
        #print (timehere) 
        plt.plot(timehere,clastlist,'r--') 
        plt.plot(timehere,c_nosourcelastlist) 
        plt.title('breakthrough curves') #  
      if n%((nt-1)/1) == 0: 
        plt.figure(4) 
        plt.plot(z[1:-1],Source,'--') 
        plt.title('Source term with z') #  
# show the figure on screen 
plt.show() 
 
np.savetxt('savetime1sCwithz.txt', c) 
np.savetxt('savetime1sCwithz2.txt', z) 
np.savetxt('savetime1sCwithrtd.txt', c_nosourcelastlist) 
np.savetxt('savetime1sCwithrtd2.txt', timehere) 
#print 
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